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Abstract 

These test problems were used by the author as weekly control works for the first 
year physics students at Novosibirsk State University in 2005. Solutions of the problems 
are also given (in Russian). The problems were taken from or inspired by the sources 
listed at the end. 




TecTOBbie sa^aMH no MexannKe n TeopnH OTHOCHTejibHOCTH 

3. K. Cnjiaraflse 

HncTHTyT HflepHOH Ohshkh hm. By^Kepa h 
Hoboch6hpckhh rocyflapcTBeHHbift ynHBepcHTeT, 630 090, Hoboch6hpck 

AHHOTaii;Hii 

3th sa^aHH 6bijiH HcnojiBSOBaHbi asTopoM ^jih HeflejitHbix KOHTpojibHbix pa6oT no 

MexaHHKe H TCGPHH OTHOCHTejIbHOCTH flJIH CTyfleHTOB-nepBOKypCHHKOB (JjHSHHeCKOrO 

4)aKyjiBTeTa HoBOCH6HpcKoro rocyflapcTBeHHoro yuHBepcHTeTa b 2005 rofly. IlpHBGflHTCH 
TaK>Ke pemeHHH sa^aH. Hctohhhkh sa^an, hjih BfloxHOBeHHsi, npHBe^eHbi b cnncKe 
jiHTepaTypbi. 
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KoHTpojibHaa paSoxa 1 
1.2 

3a5iLi, 6e>KHT no npaMoft co CKopocTbio u. Ero HannHaeT npecjieflOBaTb coGaxa 
CO CKopocTbio y H B xoflc noroHH Bcerfla Gcjkht b nanpaBjienHH na 3aHLi,a. 
B HaMajiBHbiH MOMCHT BpeMCHH Hx nojio>KeHH5i noKasaHBi na pncyHKe. HaftTH 
ypaBHeHHe TpaexTopHH co6aKH b CHCTCMe 3aHLi,a. 

• ► 



L 



A rabbit runs in a straight line with a speed u. A dog with a speed V starts 
to pursuit it and during the pursuit always runs in the direction towards the 
rabbit. At the initial moment of time their positions are shown in the figure. 
Find the equation of the dog's trajectory in the rabbit's frame. 

1.3 

riycTb CKopocTH co6aKH H 3aHLi,a B npeflbiflyni,eH aafla^e paBHbi no BejinMnne h 
HX HaMajibHoe pacnojio^Kenne TaKOBO (cm. pncynoK). KaKOMy npe^ejiy CTpeMHTC5i 

paCCT05IHHe MCJKfly HHMH CO BpeMeHCM? 




Let speeds of the dog and the rabbit from the previous problem are equal in 
magnitude and their initial positions are as shown in the figure. To what limit 
converges the distance between them? 
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1.4 

riapaGojiHHecKHe KOopflHHaTbi ^, t], (j) onpeflejiJiiOTca 4)opMyjiaMH 
X = v^cos0, y = v^siiK/), z = ^(^-rj). 

BbipasHTb opTL.1 napaGojiHHCCKOH chctcmli nepes /i,CKapTOBLic opTLi. HaflTH 
Bbipa>KeHH5i fljia flH4)4)epeHLi,Hajia fljiHHbi flyrn, njiomaflH, oG^heua fljia 9thx 

KOOpflHHaT. 

Parabolic coordinates 77, are defined by formulas 

X = y^cos0, y = y^sin0, z = ^{C-r].) 

Express coordinate orts of the parabolic system through Cartesian orts. Find 
elements of line, area and volume for these coordinates. 

1.5 

3jieKTpOH B nOCT05IHHOM MarHHTHOM HOJIC flBH»CeTC5I HO BHHTOBOH JIHHHH 

X = a COS cut, y = a sin cut, z = bt. 
HaiiTH pafluyc kphbhshbi ero TpaeKTopuu. 

An Electron in a constant magnetic field moves in a helical orbit 

X = a cos (jjt, y = asinut, z = bt. 
Find the radius of curvature of its trajectory. 

1.6 

ToHKa ^BUTKeTC^i no hjiockocth TaK, HTO yroji Me:acfly BCKTopoM CKopocTu h 
paflHyc-BCKTopoM bo Bce BpcMJi flBH>KeHH5i paBCH a. HaiiTH ypaBHCHHe TpacKTopuH 
TOHKH, ecjiH B HaHajibHbiii momcht r(0) = ro, "^(O) = ipo. 

A point moves on a plane so that the angle between its velocity and radius- 
vector is equal to a all the time. Find the trajectory of the point, if at the initial 
moment r(0) = ro, <^(0) = (po. 
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KoHTpojibHaa paSoxa 2 



2.1 



Ha 6acKeT6ojibHbiH m5ih jiewiRT mshek HacTOjibHoro TeHHHca. Mam na^aeT 6e3 

HaMaJIbHOH CKOpOCTH C BblCOTbl 1 M. Ol^eHHTe, Ha KaKyiO BblCOTy nOflCKOHHT 
M5IHHK. 




77777777777777777777777777777777777777 



A tennis ball sits atop a basketball as the two are dropped without initial speed 
from height 1 m. Estimate the height the tennis ball will rebound. 



2.2 

y nojioro Li,HjiHHflpa oflHH KOHeii, saKjieen 6yMaroH. Co CTopoHbi OTKpbiToro 
KOHLi,a K HeMy jieTHT TBOSflb c 6ojibmoH CKopocTbK) V . Illjiflna rBOSfla 6ojibme 
HeM flnaMexp Li,HjiHHflpa, a hx coGcTBeuHbie fljinnbi paBHbi. B CHCTeMe Li,HjiHHflpa 
TBOSflb coKpan],eH 7-pa3 h nosTOMy ne Mo:>KeT npo6HTb 6yMary. Ho b cucTeMe 
TBOSflfl coKpan],eH Li,HjiHHflp H no9TOMy 6yMara npoGuBaeTCii. Hto nponcxoflHT 
na caMOM flejie b Ka>Kfloit h3 cucTeM? 



V 




One end of the hollow cylinder is sealed by a paper. A nail with the large velocity 
V flies towards the open end. The hat of the nail is larger than diameter of 
the cylinder, and their proper lengths are equal. In the cylinder's frame the 
nail is contracted 7-times and consequently cannot perforate the paper. But in 
the nail's frame it's the cylinder that's length-contracted and consequently the 
paper is pierced. What occurs actually in each of frames? 
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2.3 

— * 

HaiiTH paflHyc kphbhshbi R TpaeKTopHH tohkh, ecjiH HSBecTHbi ee CKopocTb V 
H ycKopeHHe a. 

Assuming that the velocity V and acceleration a of a point are known find the 
radius of curvature R of its trajectory. 

2.4 

riapaGojiHHecKHe KOopflHuaTbi ua hjiockocth onpeflCjiaiOTCJi Tax x = err, y = 
^(r^ — (7^). HauTH opTbi e^-, eV h sjieMeuT njion],aflH. 

Parabolic coordinates on a plane are defined as x = ar, y = ^(r^ — cr^). Find 
the coordinate orts e^, eV and the element of area. 

2.5 

ToMKa flBH>KeTC5i Ha noBcpxHOCTH mapa Tax, hto ee CKopocTb coxpaH5ieT nocTOflUHbiii 
yrojT a k MepuflHany. HaiiTH ypaBnenHe xpacKTopHH tohkh, ccjih b naHajibEbiii 
MOMCHT ee c4)epHHecKHe KOopflUHaTbi paBHbi Oq h (po. 

A point moves on the surface of a sphere so that its velocity vector keeps a 
constant angle a to the meridian. Find the trajectory of the point if at the 
initial moment its spherical coordinates were and (po. 

2.6 

nycTb MHoroMcpHoe o6o6n],eHHe BCKTopHoro npoHSBefleHna coxpanjieT cjieflyion],He 
CBoiicTBa o6biHHoro TpexMcpnoro BCKTopnoro npoHSBefleuHa: 

Ax A = 0, 

{AxB)-A = {AxB)-B = 0, 
\Ax B\ = \A\ \B\, ecjiH A-B = 0. 

/],0Ka3aTb, HTO 9T0 BOSMOiSCHO TOJIbKO B CCMMMepHOM npOCTpaHCTBC. 

Let a multidimensional generalization of the cross product keeps the following 
properties of the usual three-dimensional vector product: 

Ax A = 0, 
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{Ax B) ■ A = {Ax B) ■ B = 0, 
\AxB\ = \A\ \B\, if A-B = 0. 
Prove that this is possible only in seven-dimensional space. 

KoHTpojibHaa paSoxa 3 
3.1 

B CHCTeMe S CTep»ceHb HMeeT fljinny L h flBH^KeTca co CKopocTbio u BflOJib och 
X. KaKyio fljinny HMeeT CTep»ceHb b CHCTeMe 5", KOTopaa flBH»ceTC5i b^ojib och 

X CO CKOpOCTbK) V? 

In the frame S a rod has length L and moves with a speed u along the x axis. 
What is the length of the rod in the system S' which moves with a speed V 
along the x axis? 

3.2 

EcjiH bbccth KOopflHHaTbi x+ = ct -\- X, X- = ct — X, TO npeo6pa30BaHHe 
JlopeHn,a mo>kho sanncaTb Tax x'_^_ = e~^a;+, x'_ = e^X-. HaiiTH ip kslk 4)yHKn,HK) 
V (napaMCTp nasbiBaeTca GbiCTpoToii, a x+ m X- - KOopflnnaTaMH cbctoboto 
Konyca) . 

If one introduces the following coordinates x+ = ct + X- = ct — x, the 
Lorentz transformations can be written in the form 

Find '0 as a function of V (the parameter ip is called rapidity, and and X- 
- coordinates of the light cone). 

3.3 

HaiiTH pesyjibTaT pejiaTHBHCTCKoro cjio^Kenna n KOJiJinneapHbix CKopocTcii Vi, 
V2, • • -jK,- Hto nojiyHHTca, ecjin Vi = V2 = • • • = Ki? 

Find the result of relativistic addition of n collinear velocities Vi, V2, . . ., Vn- 
What does one get if l/i = V2 = • • • = Ki? 



6 



3.4 



/],jiHHHa5i jiK)MHHHCLi,eHTHa5i jiaMna napajijiejibHa och x h ^BuyKeTC^i Bflojib stoh 
ocH CO CKopocTbK) V. JiaMna BcnbixHBaeT MrnoBeHHO b CBoeii CHCTeMe OTcneTa. 
C KaKoii CKopocTbK) pacnpocTpaH5ieTC5i BcnbiniKa BflOJib jiaMnbi c tohkh spenna 
HenoflBHiscHoro Ha6jiK)flaTeji5i? 

The long luminescent lamp is parallel to the axis x and moves along this axis 
with a speed V. The lamp flashes instantly in its proper frame. With what speed 
propagates the flash along the lamp from the point of view of the motionless 
observer? 

3.5 

L^HjiHHflp Bpan],aeTC5i BOKpyr CBoeii och c yrjiOBoii CKopocTbio u' . IloKasaTb, 

HTO flJI5I Ha6jIK)flaTeJI5I, KOTOpblii flBH»:eTC5I B^OJIB och LI,HJIHHflpa CO CKOpOCTBK) 

V, n,HjiHHflp 0Ka:aceTC5i CKpyneHKbiM h naiiTH BejiHHHHy KpynenHJi na eflHHHLi,y 

flJIHHbl n,HJIHHflpa. 

A cylinder rotates about its axis with angular velocity u'. Show that for an ob- 
server who moves along the axis of the cylinder with a speed V the cylinder will 
appear twisted and find the torsion magnitude per unit length of the cylinder. 

KoHTpojibHaa paSoxa 4 
4.1 

HaiiTH CKopocTb Ha6jiK)flaTeji5i, ecjin flajiCKHii h MajieubKHii 4)0Hapb Bnepefln 
CMy Ka»ceTC5i flBa pasa 6ojibme, hcm HenoflBH»cHOMy naGjiiOflaTejiio paflOM. 

Find the speed of an observer if a distant and small lantern ahead looks to him 
twice as large as to the motionless observer nearby. 

4.2 

MaccHBHoe sepxajio flBH»ceTC5i nepneHflHKyjiapno CBoeii hjiockocth co CKopocTbio 
V. HaiiTH yroji 0Tpa:aceHH5i 62 flJia Jiyna CBCTa ot TaKoro sepxajia, ecjin yroji 
naflCHHa paBCH 61. 



7 




A massive mirror moves perpendicularly to its plane with the speed V. Find 
the angle of reflection 62 for a light ray from such mirror if its angle of incidence 
equals to 9i. 

4.3 

^Be CHCTCMbl OTCMCTa flBH>KyTC5I CO CKOpOCTHMH Vi H V2. /i^OKaSaTt., HTO HX 
OTHOCHTCJIbHafl CKOpOCTb V yflOBJieTBOp5ieT COOTHOmeHHK) 

(1 - A • 

rfle /3 = f . 

Two reference frames move with speeds Vi and V2. Prove that their relative 
velocity V satisfies the relation 

g2 ^ 01 - P2? - 01 X P2? 

(1 - A • 

where (3 = —. 



4.4 

CTep^KCHb flBH:>KeTCii CO CKopocTbK) V. KaKoii yroji 9 cocTaBjiacT CTep:«;eHb c 
HanpaBjieHueM flBH>KeHH5i, ecjin b ero chctcmc noK05i stot yroji paBcn 9'7 

A rod moves with the speed V. What angle 9 makes the rod with the direction 
of its motion if this angle is equal to 9' in its rest frame? 



4.5 

BcKTOp AB nepeH0CHTC5I no OKpy>KHOCTH C nOCT05IHHOH no BejIHMHHe CKOpOCTblO 
V TaK, MTO B Ka^KflOH COnyTCTByiOn],eH HHepU,HajIbHOH CHCTCMC OTCMCTa BCKTOp 
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nepeH0CHTC5i napajiJiejibHO caMOMy ce6e. HaftTH MHHHMajibHoe SHa^eHHe V 
flji5i KOToporo nocjie nojinoro o6opoTa BCKTop cmotpht b npoTHBonojio>KHyio 
K nepBOHaMajibHOMy CTopoHy. 




A vector AB is transferred on a circle with the constant in magnitude 
speed V so that in every instantaneous comoving inertial frame the vector is 
transferred parallel to itself. Find the minimal V for which after a full turn the 
vector points opposite to its initial direction. 

KoHTpojibHaa paSoxa 5 
5.1 

MacTHLi,a HajiCTaeT na TaKyio me nenoflBH^KHyio MacTHLi,y h nponcxoflUT ynpyroe 
CTOjiKHOBCHHe. /J^OKasaTb, MTO yroji pasjiCTa nacTuu, nocjie CT0jiKH0BeHH5i Bcer^a 
Meubme, mcm 90°. 

A particle collides with another identical particle at rest. Prove that the opening 
angle between outgoing particle velocities after the elastic scattering is always 
less than 90°. 

5.2 

riofl KaKHM yrjiOM k och x jictht (J)otoh c MacTOToft ly b chctcmc S, ccjih b 
CHCTCMC <S", flBH>Kyn],eroc5i Bflojib och x, 4)otoh hmcct MacTOTy ly' u jictht nofl 
yrjiOM 9' K OCH x. 

Under what angle to the x-axis moves the photon with frequency u in frame S 
if in frame 5", moving along the x-axis, the photon has frequency u' and flies 
under the angle 6' to the x-axis. 
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5.3 



-MesoH pacnaflaeTca no cxeMe K — tt'^tt". HaiiTH SHeprnio i^-Mesona, 
ecjiH MaKCHMajibHO BOSMO^KHaa SHeprna Tr-MesonoB h3 SToro pacna^a a-pas 
6ojibme MHHHMajibHoii. ^Jia KaKHx a ne 6yfleT Tr-MesonoB jieT5iiii,Hx b saflHioio 
nojiyc4)epy? 

i^'^-meson decays under the scheme tt+tt^. Find the energy of the K^- 

meson if the greatest possible energy of 7r-mesons from this decay is a-timcs 
larger than the minimal one. For what a there will be no 7r-mesons flying into 
the backward hemisphere? 

5.4 

HaiiTH OTHOCHTejibnyio CKopocTb tt"*" h tt" mcsohob h3 pacna^a — 7r"^7r~. 
Find the relative velocity of the tt^ and 7r~ mesons from the decay — 7r''"7r~. 

5.5 

4-ycKopeHHe onpeflejiacTCJi Bbipa:aceHHeM = r^e - 4-CKopocTb h 
r - coGcTBCHHoe BpcMa. HaftflHTe CKajiapHbie npoHSBeflenHa a • u n a • a, ecjin 
HacTHLi,a flBH>KeTC5i npaMOJiHHeiiHO h saBHCHMOCTb ee CKopocTH OT jia6opaTopHoii 

BpeMCHH V{t) HSBCCTHa. 

4-acceleration is defined by expression = where u^^ is 4- velocity and 
r - proper time. Find scalar products a ■ u and a • a if the particle moves 
rectilinearly and the dependence of its speed on laboratory time V{t) is known. 

KoHTpojibHaa paSoxa 6 
6.1 

/],Ba 4)0T0Ha c HacTOTaMH vi H V2 flBH:acyTC5i B npoTHBonojioiscHbix HanpaBjieHHJix, 
HaiiTH Maccy SToii chctcmm h CKopocTb ee Li,eHTpa Mace. 

Two photons with frequencies vi and V2 are moving in opposite directions. Find 
the mass of this system and the speed of its center of mass. 



10 



6.2 



HenoflBHiscHbiH ^-mcsoh pacnaflaeTca no cxeMe (f) — tt'^tt tt . HaiiTH MHHHMajibHbift 
yroji pasjieTa 7-KBaHTOB ot nocjieflyiomero pacna^a tt^ — 27. 

0-meson at rest decays under the scheme (f) tt'^tt'tt^. Find the minimal 
opening angle between the 7-quanta from the subsequent decay tt^ — > 27. 

6.3 

BbiCTpbift sjieKTpoH, HMeK)m,HH CKopocTb V, CTajiKHBaeTCfl c HenoflBH:acHbiM 
flflpoM Maccbi M H HcnycKacT TopMOSHbiii 4)otoh. KaKyio MaKCHMajibnyio sneprHio 

MO^KCT HMeTb 9T0T 4)OTOH? 

A fast electron with the speed V collides with a motionless nucleus of mass 
M and emits a bremsstrahlung photon. What maximal energy this photon can 
have? 

6.4 

K MCMy CTpcMHTca OTHomcHHe MaKCHMajibHbix yrjiOB pasjiCTa b pacna^ax (j) — 
K^K~ H ^ 7r''"7r~ fljiJi onenb Gojibmnx SHeprnn ^-Mesona? 

To what limit tends the ratio of the maximal opening angles in decays ^ 
K^K^ and (j) tt^tt^ for very energetic 0-meson? 

6.5 

HenoflBHiscHbiH a;-Me30H pacnaflacTca no cxcmco; — tt^tt'tt^. B KaKHx npe^ejiax 
MO^KCT MeH5iTbC5i 9HeprH5i 7r~-Me30Ha, ecjiH 9HeprH5i 7r'''-Me30Ha paBua Ei = 
300 MsB? 

a;-meson at rest decays under the scheme uj — tt^tt^tt^. In what limits can 
vary the energy of the 7r~-meson if the energy of the 7r"^-meson is equal to 
El = 300 MeV? 
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KoHTpojibHaa paSoxa 7 
7.1 

B Li,eHTpe MeTajijiHHecKoro :a<;ejio6a jie^KaT flsa MeTajijiH^ecKHx mapa CBiisaHHbix 
HHTbK). Me>Kfly mapaMH HaxoflHTca OKaxaa npy>KHHa. Hhtb nepe>KHraiOT h 
mapt.1 npHoGpexaiOT oflHHaKOBbie no BejiHHHne h npoTHBonojiojKHbie CKopocTH 
u. rioKa mapbi He ynajin c >Kejio6a, jiaMnoMKa b noKasaHHoii Ha pncynKe cxeMe 
He ropHT, T.K. 3JieMeHT nHTaHH5i KopoTKO saMKHyT. Ho mapbi ynaflyx oflHOBpeMenno 
H jiaMHOHKa Bce paBHO ne 3aropHTC5i. OflnaKO, b CHCTeMe Ha6jiK)flaTeji5i, KOToptiii 
flBH>KeTC5i CO CKopocTbK) V KaK Ha pHcyHKe, HpaBbiii map na^aeT panbme h 
jiaMHOMKa flOji>KeH 3aropHTbC5i. OGiiflCHHTe napaflOKC. 




In the center of a metal gutter two metal spheres connected by a strand lay. 
Between spheres there is a compressed spring. The strand is burnt through 
and the spheres acquire identical in magnitude and opposite speeds u. While 
spheres have not fallen from the gutter, the bulb in the electric scheme shown 
in the figure does not burn, since the electric element is short circuited. But 
spheres will fall simultaneously and the bulb will not light up either. However, 
in the frame of an observer which moves with the speed V as in the figure, the 
right sphere falls earlier and the bulb should light up. Explain the paradox. 

7.2 

PaKCTa yflaji5ieTC5i ot Scmjih c H0CT05iHHbiM co6cTBeHHbiM ycKopeHHCM g. Hepes 
BpeM5i r nocjie CTapTa paKCTbi, paflHOJiOKaTop nocbijiaex eft BflorouKy KopoTKuft 
CHrnaji c ^acTOToft ly. KaKyio ^acTOTy OTpa^KCHHoro CHrnajia 3a(|)HKCHpyiOT na 
ScMjie? 

A rocket leaves the Earth with constant proper acceleration g. After time r from 
its start, a radar sends to it a short signal with frequency u. What frequency 
of the reflected signal will be registered on the Earth? 
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7.3 



3jieKTpoH H npoTOH Haxofl5iTC5i paflOM B 3jieKTpHMecK0M HOjie. ripHHeM B HaMajIbHblii 

MOMCHT BpeMeHH npOTOH HenOflBH>KeH, a SJieKTpOH HMeeT 3HeprHK) E H flBH>KeTC5I 

B HanpaBjieHHH noji5i. KaKHx E nofifleT peaKLi,H5i e~ +j9 e~ +p + e~ + 
Korfla 3jieKTpoH h npoTOH CTOjiKHyTca? 




e P 
< — • • 



An electron and a proton are close to each other in the electric field. At the 
initial moment of time the proton is motionless and the electron has the energy 
E and moves in the direction of the field. For what E would the reaction 
e~ + p ^ e~ + p + e~ + be allowed when the electron and the proton do 
collide? 

7.4 

PaKCTa yflaji5ieTC5i ot Scmjih c nocTOiiHHbiM b conyTCTByK)n],eH cncTCMe ycKopenneM 
g. KaK CB5i3aHbi 4-KoopflHHaTbi coGbitha (cf , x\ y\ z') b chctcmc paKCTBi c 4- 

KOOpflHHaTaMH C06bITH5I (ct, X, y, z) B CHCTCMC SCMJIH? 

A rocket leaves the Earth with constant proper acceleration g. How are related 
the 4-coordinates (ct', x', y' ^ z') of an event in the rocket's frame with 4-coordi- 
nates of the event (ct, z) in the Earth's frame? 

7.5 

HfleajiBHoe aepxajio Maccoft 1 Kr ycKopacTCii jiynoM jiaaepa Mon],HOCTH 9-10^ Bt, 
pacnojio^KCHHoro na ScMjie. 3a xaxoe BpeM5i sepxajio yjiCTHT na paccTOflnne 
10^5 M? 

An ideal mirror of mass 1 kg is accelerated by a beam of the laser of power 
9 • 10^ watts, located on the Earth. For what time will the mirror depart on the 
distance 10^^ m? 
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KoHTpojibHaa paSoxa 8 
8.1 

OflHopoflHbiH CTep:»<;eHb fljiHHbi / onnpaeTCJi Ha rjiaflKyio ropHSOHTajibHyio noBepxHOCTb 
H HaHHHaeT na^aTb na njiocKOCTb 6e3 HanajibHoii CKopocTH h3 BepTHKajibHoro 
nojio>KeHH5i. HaiiTH TpaeKTopnio Bepxnero KOHLi,a CTep»cH5i. 

A homogeneous rod of length / leans on a smooth horizontal surface and starts 
to fall on the plane without initial speed from the vertical position. Find the 
trajectory of the top end of the rod. 

8.2 

3jieKTpoH B HanajibKbiH momcht hokohjicji na paccToanHH H ot GecKoneHHOH 
npoBOfl5in],eH nesapaisceHHOH hjiockocth. HaiiTH BpeMJi, sa KOTopoe sjieKTpoH 
flOCTHrneT hjiockocth. 

At the initial moment an electron at rest was situated upon distance H from 
the infinite, conducting, not charged plane. Find the time for which the electron 
will reach the plane. 

8.3 

ToMKa c MaccoH m flBH^KCTCfl B nojie c noTeHu,HajiOM 

HaiiTH SaKOH flBH»CeHH5I TOHKH. 

A point with mass m moves in a field with potential 

Find x{t). 
8.4 

IIIapHK Maccbi m na/i,aeT c bmcotli H na ropHSonTajibnyTO njiHTy h ynpyro 
OTCKaKHBacT. HaiiTH BbicoTy HocjieflyK)n],ero HOflT>eMa mapuKa, ecjiH cujia conpoTHBjieHHH 
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B03flyxa F = —aV'^. 

A ball of mass m falls from the height iif on a horizontal plate and elastically 
rebounds. Find the height of the subsequent rise of the ball, if the air resistance 
force is F = —aV'^. 



8.5 

3jieKTpOH flBH»CeTC5I B HOJIC MarHHTHOrO MOHOnOJia 



KaK saBHCHT MOMCHT HMuyjibca sjieKTpoHa L = f X p OT ero paflHyc-BCKTopa? 



An electron moves in the field of a magnetic monopole 




Find the angular momentum of the electron L = f x p as a function of its 
radius-vector. 



8.6 

OflHopoflHoe H nocToannoe sjieKTpnHecKoe nojie S nanpaBJieno b^ojib och x. Hs 
Hanajia KOopflHuaT, Bflojib och y BbijiCTaeT pejiaTHBHCTCKHu npoTOu c SHeprueft 
Eq. HaiiTH ero TpaeKTopnio. 

A homogeneous and constant electric field S is directed along the x-axis. A rel- 
ativistic proton with initial energy Eq darts along the y-axis from the beginning 
of coordinates. Find its trajectory. 



KoHTpojibHaa paSoxa 9 
9.1 

^Ba nopniHfl, cnocoGubie flBuraTbca 6e3 Tpenna b repMeTHHHO coeflHHenHbix 
Tpy6ax, CBssaHbi jkcctkhm CTep:acHeM, KaK noKasano na pncynKe. njion],aflH 
nopniHeii pasHbi h S'2. B paBHOBecnn oGt^cm Bos^yxa Me:acfly nopniHJiMH 
paBCH V. HaiiTH nacTOTy Majibix KOJieGanHii nopniHeii, ecjiH hx cyMMapnaa 
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Macca BMecTe co CTepjKHeM pasna m. TeMnepaTypa noflflep>KHBaeTC5i nocTOHHHOH 
ATMOc4)epHoe flaBjieHne pasHO p. 

Two pistons capable to move without friction in tightly connected pipes are 
connected by a rigid rod, as shown in the figure. The areas of pistons are equal 
to Si and S2 respectively. At equilibrium the air volume between the pistons 
is equal to V. Find the frequency of small oscillations of the pistons if their 
total mass together with the rod is m. The temperature is kept constant. The 
atmospheric pressure is equal to p. 



9.2 

ToHKHH H ruGKHii HepacT5i>KHMbiH KanaT fljiHHbi L, cjio>KeHHbiH nonojiaM, yjio>KeH 

B TOHKOH rOpHSOHTajIBHOH TJiaflKOH TpyGxC. OflHH KOHeU, HHTH SaKpeHJieH, H 

npHMbiKaK)n],a5i k ucMy nojiOBHua xauaTa noKOHTC5i, a BTopoii nojiOBHue coo6n],aeTC5i 
Ha^ajibnafl CKopocTb Vq. HaftTu fljiuny noK05m],eHC5i ^acTu Kanaxa b tot momcht, 
Korfla CKopocTb tomkh uaruGa CTancT paBHoft CKopocTu SByxa u. 




The thin and flexible not extensible rope of length L, combined half-and-half, 
is laid in a thin horizontal smooth tube. One end of the rope is fixed, and the 
half of the rope connected to it is at rest, while the initial velocity Vq is given 
to the second half. Find the length of the motionless part of the rope at the 
moment when the speed of the bending point becomes equal to the speed of 
sound u. 



9.3 

Tejio, Macca KOToporo paBna m, mo^kct nepeMen],aTbC5i no ropnaoHTajibHoii 
npflMOH. K HCMy npHxpenjiena npy>KHHa, K034)4)HLi,HeHT jkcctkocth KOTopoii 
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k. BTopoft KOHeiJ, npy^KHHbi yKpenjien b HenoflBH^KHoii tomkc, KaK noKasano 
Ha pHcyHKe. IlpH yrjie a = ao npy>KHHa ne flecj^opMnpoBana. HaftTH MacTOxy 
Majibix K0jie6aHHH Tejia. 




A body of mass m can move on a horizontal straight Hne with a spring of 
rigidity k attached to it. The second end of the spring is fixed as shown in the 
figure. When the angle a = ao, the spring is not deformed. Find the frequency 
of small oscillations of the body. 

9.4 

HaiiTH HSMeneHHe nepnofla rapMOHH^ecKoro ocij,Hjiji5iTopa npn Majiou aHrapMOHUMecKoii 
flo6aBKe SU = < [/ k ^OTeH^HaJIy U{x) = 

Find the change of the oscillator period when a small anharmonic perturbation 
6U = < t/ is added to the harmonic potential U{x) = 

9.5 

OOTOH H SJieKTpOH flBH5KyTC5I HaBCTpCHy. RoCJIC JIo6oBOrO CTOJIKHOBCHHil UpOHCXOflHT 

peaKLi,H5i 7 + e~ + + e^. HaftTu snepruK) (J)OTOHa, ecjiu Bce npoflyKTbi 

peaKI],HH nOK05ITC5I. 

Photon and electron move towards each other. After a head-on collision the 
reaction 7 + e~ ^ e~ + e~ + e"^ happens. Find the energy of the photon if all 
reaction products are at rest. 

KoHTpojibHaa paSoxa 10 
10.1 

IIIapuK Maccbi m npuKpenjieu k KOHLi,aM ynpyroft GesMaccoBOu hhth, KOTopa5i 
nepcKHHyTa Mepea flBa ropuaoHTajibKbix rjiaflKux CTep>KH5i. Ctcp^khh uaxofliiTCii 
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Ha oflHOM ypoBHe h paccTOHHHe Me^K^y hhmh /. ^jinna hhth b HeHanp5i>KeHH0M 
C0CT05IHHH 21. HaiiTH MacTOTy Majibix BepTHKajibHbix K0Jie6aHHH mapHKa, ecjiH 

B C0CT05IHHH paBH0BeCH5I HHTb oGpaSyCT paBHOCTOpOHHHH TpeyrojibHHK. 




A ball of mass m is attached to the ends of an elastic massless string which 
is stretched over two horizontal smooth cores. The cores are at the same level 
and the distance between them is /. The length of not deformed string is 21. 
Find the frequency of small vertical oscillations of the ball if at equilibrium the 
string forms a equilateral triangle. 

10.2 

JlHHeiiHOMy ocu,Hjiji5iTopy MacTOTbi cu nepeflacTCfl 3HeprH5i nofl BOSfleiicTBHeM 
CHjibi F{t) = FQe~* . KaKOB flOJi^Kcn 6biTb r, mtoGm nepefla^a aneprnH 

6bIJia MaKCHMajIbHO 9(|)(|)eKTHBH0H? B MOMCHT BpeMCHH t = — OO 0CU,HJIJI5IT0p 
nOKOHJICfl B nOJIO>KeHHH paBH0BeCH5I. 

Energy is transferred to a linear oscillator of frequency to under influence of the 
force F{t) = Fqc^* . For what r is the energy transfer maximally effective? 
At the time t = — oo the oscillator was at rest in the equilibrium point. 

10.3 

HaftTH saKOH Bbmy>KfleHHbix KOJieGanHfi jinneHHoro oflnoMepnoro ocLi,Hjiji5iTopa 
nofl BOSfleftcTBHeM chjibi F[t) npn najiHMHH chjim Tpennfl i^Tp = —aV. 

Find the law of forced oscillations of a linear one-dimensional oscillator under 
influence of the force F{t) in presence of the friction force Ftp = —aV. 

10.4 

necoMHbie Macbi, b KOTopoM ycTaH0BHjiC5i CTaLi,HOHapHbiH noTOK necKa, nocTaBHjin 
Ha Becbi. flpKSBaTh, mto noKasannfl bccob 6yfleT 6ojibme hcm Mg, r^e M Macca 
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necoMHbix MacoB (BMecTe necKOM pa3yMeeTC5i) . 

An hourglass, in which the stationary stream of the sand was estabhshed, have 
been put on a sensitive balance. Prove that the display of the balance will be 
more than Mg, where M is the mass of the hourglass (with the sand of course). 

10.5 

Ha-aa peji5iTHBHCTCKHx 3(|){J)eKT0B nepuofl rapMonuHecKoro 0CLi,HJiJi5iT0pa saBucuT 

OT aMUJIHTyflbl. CHHTa5I, MTO pejI5ITHBHCTCKHe 94)4)eKTbI MajICUbKHe, HailTH 

cooTBeTCTByK)n],yio nonpaBKy. 

Because of the relativistic effects the period of harmonic oscillator depends on 
its amplitude. Assuming the relativistic effects are small, find the corresponding 
correction. 

KoHTpojibHaa paSoxa 11 
11.1 

J\Be oflHHaKOBbie MaTCMaTHMecKue MaaTKHKH, Maccbi m h ^acTOTbi a;, CBiiaanbi 
cjiaGofi npy>KHHOH ^kcctkocth k <C moj^. PaccTOHHue MC^Kfly TOMKaMH noflBCca 

Ma5ITHHK0B paBHO flJIHHe HC fle4)OpMHpOBaHHOH npy>KHHbI. OflHH Ma5ITHHK OTKJIOHHJIH 

OT nojio>KeHH5i paBH0BecH5i Ha MajieHbKyK) BejinMuny. Hepea Kaxoe BpeM5i KOjie6aHH5i 
nojiHOCTbio nepeftflyT ko BTopoMy MaaTuuKy? 




Two identical mathematical pendula, with mass m and frequency a;, are connec- 
ted by a weak spring of rigidity k <C mcj^. The distance between the hanging 
points of the pendula equals to the length of the not deformed spring. One 
pendulum is set at a small distance from the equilibrium point and begins to 
swing. What time it takes the oscillations to pass completely to the second 
pendulum? 
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11.2 



3jieKTpoH flBH:»<;eTC5i no OKpy:acHOCTH paflnyca R b oflHopoflHOM MarHHTHOM 
nojie. BejiHHHHa nojia MeflJienHO BOspacTaeT. KaKoii 6yfleT paflnyc opGnTbi 
sjieKTpona Kor^a nojie yBejiHHHTca b flBa pasa? JlarpaH^KHan sapa^KenHoii 

HaCTHLI,bI B OflHOpOflHOM MarHHTHOM HOJie, HaHpaBJieHHbIM BflOJIb OCH Z, HMeCT 

BHfl (b CHCTeMe CGSE) 

mV'^ qB . 



An electron moves on a circle of radius R in a homogeneous magnetic field. 
The field slowly increases. What will be radius of the electron orbit when the 
magnetic field will increase twice? Lagrangian of a charged particle in a ho- 
mogeneous magnetic field, directed along the z-axis, looks like (in the CGSE 
system of units) 

mV^ qB . 

11.3 

MajieHbKOMy KOJibu,y, na^eTOMy na npoBOJiOMHyio ropHSOHTajibnyio OKpy»cHOCTb 
pafluyca R, coo6n],HjiH HanajibHyio CKopocTb Vq <C yJgR- Ko34)4)HLi,HeHT TpeuHJi 
KOjibLi,a o npoBOjiOKy paBen ji. Hepes KaKoe BpeMa KOjibLi,o ocTanoBHTCJi? 

To a small ring on a horizontal circular wire of radius R an initial velocity 
Vo <C ^fgR have been imparted. The friction coefficient between the ring and 
the wire is equal to ji. After what time will the ring stop? 



11.4 

Ha Kpbime c yrjiOM HaKjiona (f jiemwr CBHHLi,OBbiH jihct fljiHHbi /. Ko94)4)Hi],HeHT 
Tpenna CBHHu,a o Kpbimy ji > tg(^. Ko94)4)HLi,HeHT jiHueiiHoro pacmnpenHa 
CBHHLi,a a. B TenenHH N cyTOK ycToiiHHBoii noroflbi cyTOHHbiii nepenafl TeMnepaTypbi 
cocTaBjiaji At. Ha KaKoe paccTOirane cnojiseT jihct? 

On a roof with an angle of inclination ^ a lead leaf of length / lays. The friction 
coefficient between the lead and the roof ji > tgf. Linear thermal expansion 
coefficient of lead is a. During N days of steady weather daily temperature 
drop was At. On what distance will the leaf slip? 
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11.5 



HenoflBHiscHbiH r jienTOH HcnbiTbiBaeT paflHai^HOHHbift pacnafl r~ — 'k't^ Vrl- 
B KaKHx npeflejiax mo^kct MenflTbca sneprHfl 4)0T0Ha, ecjiH Maccbi noflCHCTeM 
(tt^tt^) h (i^rT) paBHbi flpyr flpyry h cocTaBJiaiOT Oflny TpeTb Maccbi r JienTona 
m-r. Macca HeftTpHHO v^- paBHa Hyjiio. 

r lepton at rest undergoes radiative decay r" TT~TT^Url- In what limits 
change the energy of the photon if invariant masses of subsystems (tt^tt^) and 
{i^tI) are equal to each other and constitute one third of the r lepton mass m^-. 
The mass of neutrino is equal to zero. 

KoHTpojibHaa paSoxa 12 
12.1 

ripu KaKOM nanpaBjieHHH naMajibnoft CKopocTu KOCMUHecKHu annapaT ynaflCT 

Ua nOBepXHOCTb ScMJIH BHC SaBUCHMOCTH OT BeJIHHHHbl HanaJIbHOH CKOpOCTH? 

At what direction of the initial speed a space vehicle will fall to Earth's surface 
irrespective of the initial speed magnitude? 

12.2 

B KaKOM u,eHTpajibHOM nojie TOHKa flBH^KCTca no TpaeKTopuu 

- = 1 + ecos {eLp)l 
r 

3flecb ]9, e H e - ueKOTopbie KOHCTauTbi. 

In what central force field does a point move on the trajectory 

- = 1 + ecos (e(^)? 
r 

Here p, e and e are some constants. 
12.3 

HaftTH HaHBbiro/i,HCHmHft (c tomkh spenna MHHHMHsanHH noTpcGnoH HanajTbHoft 
CKopocTn) yroji sanycKa k ropnaoHTy 6ajiJiHCTHMecKoft paKCTbi na ccBepnoM 
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nojiioce, MTo6bi ona nonajia na SKBaTop. 

Find the optimal launching angle to the horizon of a ballistic missile on the 
North Pole (from the point of view of minimization of the initial speed) for the 
missile to land on the equator. 

12.4 

KaK HSMCHHTCfl TpcTHH saKOH Kcujiepa, ecjiH ynecTb flBH»ceHHe CojiHLi,a, BbisBannoe 
npHT5i:»<;eHHeM cooTBeTCTByK)n],eH njiaueTbi? 

How does Kepler's third law get modified if the movement of the Sun, caused 
by an attraction of the corresponding planet, is taken into account? 

12.5 

JJ^BH cnyTHHKa, HMeK)n],He paBUbie Maccbi, flBH»cyTC5i b ofluoM HanpaBJienuH no 
KOMnjianapHbiM opGuTaM, o^na h3 KOTopbix - Kpyrosaa pa^uyca R, a flpyraa 
sjijinnTHHecKaa c paccToaHHaMH nepnreji h anorea R h 8R cooTBCTCTBeHHO. 
riojiarafl, hto cnyTHHKH nyTCM nenocpeflCTBeHHoii ctmkobkh coeflHHHJiHCb flpyr 
c flpyroM b tohkc conpHKOCHOBeHH5i Hx opGuT H flajibHeftmee ^BUTKeRne npoflOji:acHjiH 
BMCCTC, HaiiTH anorcH hx hoboh opGuTbi. 

Two satellites, having equal masses, move in the same direction on coplanar 
orbits, one of which is circular of radius R, and the another - elliptic with 
the perigee and apogee distances R and 8-R respectively. Assuming that the 
satellites have been joined to each other at the contiguity point of their orbits 
and the further movement have continued together. Find the apogee of their 
new orbit. 

12.6 

J\ji5i KaKHx SHaMeHHii MOMCuxa HMnyjibca L pejiiiTHBHCTCKoii HacTHu,bi B03Mo:»<;Hbi 
KpyroBbie opGuTbi b noTeHLi,Hajie 

Uir) = — ^, a>0, (3>07 
For what values of the angular momentum L are circular orbits possible in the 
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potential 

d 

U(r) = — ^, a > 0, /3 > 0, 

fP 

for relativistic particles? 

KoHTpojibHaa paSoxa 13 
13.1 

HafiTH saBHCHMOCTb yrjia pacce5iHH5i ot npHLi,ejibHoro napaMeTpa flji5i 6biCTpbix 
sjieKTpoHOB, npojieTaiomHx mhmo o^eHb T5i>Kejioro MarnHTHoro MOHonojia. 

Find the dependence of the scattering angle on the impact parameter for fast 
electrons flying past a very heavy magnetic monopole. 

13.2 

HafiTH ceneHHe pacce5iHH5i na yroji, Gojibmnft 90°, b Li,eHTpajibHOM nojie c noTeHu,HajiOM 

, , a 
U{r) = ^, a > 0. 

HajieTaK)m,a5i MacTHLi,a hmcct KHHeTHMecKyio SHeprnio T. 

Find the cross section for scattering at angles greater than 90° in the central 
force field with the potential 

[/(r) = ^, a>0. 
The incoming particle has a kinetic energy T. 

13.3 

HcTbipe SBesflbi oflHHaKOBoft Maccbi M, Haxofl5icb omchb flajiCKO flpyr ot flpyra, 
pacnojio^KCHbi b Bepmnnax KBaflpaTa h hmciot oflnnaKOBbie no BejiHHHne CKopocTH 
y, npHLi,ejibHbie napaMCTpbi KOTopbix, OTHOCHTCjibHO Li,eHTpa KBaflpaTa, tojkc 
oflHHaKOBbi H paBHbi 6. HaiiTH yroji pacce5iHH5i SBCSfl. 
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Four stars of identical mass M, being very far from each other, are located 
at vertexes of a square and have identical in magnitude speeds V. Impact 
parameters of the stars, with regard to the center of the square, are also identical 
and equal b. Find the scattering angle of the stars. 

13.4 

OflunaKOBbie rjiaflKue njiacTunbi fljiunbi a yKjiaflt.iBaiOTC5i oflua na flpyroft. 

KaKoe MHHHMajibHoe kojiumcctbo njiacTHH noHaflo6HTC5i, mtoGbi nocTpouTb paBHOBecnyio 

KOHCTpyKU,HK) C UpOJICTOM L = 3a? 

a 



7777777777777777777777777777777 



Identical smooth plates of length a are placed one on another. What minimum 
number of plates is required to construct an equilibrium construction with 
overhang L = 3a? 



13.5 

OflHopoflHbift map Bcca Q h pafluyca K h rupii Beca P noflBemenbi na BcpcBKax 
B TOMKC ^4, KaK noKasano na pucynKe. FaccTOflHue ot A flo Li,eHTpa mapa 
AO = /. OnpeflCjiHTb, KaKofi yroji oGpasycT npsMaii AO c BepTUKajibio npu 

paBHOBCCHH. 



A 




A homogeneous sphere of weight Q and radius R and a weight P are suspended 
on cords fixed in a point A^ as shown in the figure. The distance from the point 
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A to the center of the sphere AO = /. Find the angle the straight Hne AO 
forms with the vertical at balance. 



KoHTpojibHaa paSoxa 14 



14.1 

Tejio Maccbi M bhcht na thGkom KanaTe Maccbi m. HaiiTH MacTOTy BepTHKajibHbix 
K0Jie6aHHH, ecjiH K034)4)HLi,HeHT jKecTKOCTH KanaTa paseH k. 

/////////////// 



g 



• M 

A body of mass M hangs on a flexible rope of mass m. Find the frequency of 
vertical oscillations if the coefficient of rigidity of the rope is equal to k. 



14.2 

Kojibu,o Maccbi m noflBemeno CHMMeTpuMHO na xpex HepacT5i>KHMbix hhtax 
fljiHHbi / Ka>KflbiH. HaiiTH MacTOTy Majibix KpyTUjibUbix KOjieGaHuii KOjibLi,a 
OTHOCHTejibHO BepTHKajibHOH ocH npoxoflim],eH Hepes ero u,eHTp. 




A ring of mass m is suspended symmetrically on three not extensible strings 
of length / each. Find the frequency of the small torsion oscillations of the ring 
around the vertical axis passing through its center. 
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14.3 

MacTHLi,a flBH>KeTC5i BHyTpH HaniKH no KpyroBoii ropHSOHTajibHoii opGnTe paflnyca 
r. rioBepxHOCTb ^aniKH HMeeT (J)opMy rnnepGojiOHfla Bpaiii,eHH5i — = 



B Li,HjiHHflpHMecKHx KoopflHHaTax) . ^Ji5i KaKHx 3HaHeHHH paflHyca r TaKoe 

flBHJKeHHe CTaH0BHTC5I HeCTaGnjIbHblM? 




A particle moves inside a cup on a circular horizontal orbit of radius r. The 



surface of the cup has the form of a hyperboloid of revolution p 



z 



(in cylindrical coordinates). For what values of radius r does the orbit become 
unstable? 

14.4 

OflHopoflHbiii CTep^KCHb Maccbi M noflBemen na flByx BepTHKajibUbix HepacT5i>KHMbix 
HHT5IX oflHHaKOBOH fljiHHbi, npHKpenjieHHbix K KOHu,aM CTcp^KHii. HaHTH HaTii:»;eHHe 

OflHOH H3 HHTCH B MOMCHT o6pbIBa flpyrOH. 



////////////////////////////////////// 




A homogeneous core of mass M is suspended on two vertical not extensible 
strings of identical lengths, attached to the ends of the core. Find the tension 
of one string at the moment of breakage of another. 



14.5 

OflHOpOflHblii LI,HJIHHflp C TOpHSOHTajIbHOH OCbK) CKaTblBaCTCfl HOfl fleHCTBHCM 
CHJIbI Tii:>KeCTH CO CKOJIb^KCHHeM HO HaKJIOHHOH HJIOCKOCTH npH K03(J)(J)HU,HeHTe 
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TpeHH5I CK0JIt>>KeHH5I fl. IlpH KaKOM yrjie HaKJIOHa njIOCKOCTH K rOpHSOHTy 9T0 
B03M0>KH0? 

A homogeneous cylinder with a horizontal axis rolls down under gravity with 
sliding on an inclined plane at sliding friction coefficient fi. For what inclination 
angles of the plane to the horizon is this possible? 



Ha KOHu,ax Tpy6KH co c:>KaTOH jierKoii npy^KHHoii yflep>KHBaiOTC5i hhtbio oflUHaKOBbie 
mapHKH MaccoH m. IlpH paapbiBe hhth mapHKu pasjiCTaiOTCii c oflnnaKOBbiMH 
CKopocT5iMH u. OGmchhtc KaK coxpaH5ieTC5i HMuyjibc npn 9T0M npoLi,ecce c 

TOMKH 3peHH5I Ha6jIK)flaTejI5I, KOTOpblH flBH>KeTC5I BflOJIb OCH TpyGxH C peJIflTHBHCTCKOH 
CKOpOCTbK) V > U. 



On the ends of a tube with the compressed massless spring two identical balls 
of mass m are kept by a string. At a breakage of the string the balls fly away 
with identical in magnitude speeds u. Explain how momentum is conserved in 
this process from the point of view of an observer who moves along the axis of 
the tube with relativistic speed V > u. 



nojiyLi,HjiHHflp pafluyca R CKOJibsuT no naKJiOHHoft hjiockocth c yrjiOM naKJiona 
a K ropuaoHTy h coBepmaex Majibie KOJie6aHH5i BOKpyr CBoeft och, KOTopaa 
nepneHflHKyji5ipHa k hjiockocth pucyuKa. HafiTu nacTOTy 9thx KOjieGauHii. Tpeuue 

OTCyTCTByCT. 



14.6 



KoHTpojibHaa paSoxa 15 



15.1 




g 
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A half cylinder of radius R slides on an inclined plane with the angle of incli- 
nation a to the horizon and performs small oscillations around its axis which is 
perpendicular to the plane of the figure. Find the frequency of these oscillations. 
Friction is absent. 



15.2 

necoHHbie Macbi ujiaBaiOT b TpyGxe, uojihoctbio sanojiHeHHoii BOfloii, HCMHoro 
flaB5i Ha BepxHKDK) KpbiniKy Tpy6KH. Becb necoK naxoflHTCfi b Hu^KHeii MacTu 
MacoB. Ha^HyT jih ^acbi BcnjibmaTb, ecjiu xpyGxy uepeBepnyTb? BnyTpennHH 
fluaMeTp Tpy6KH jiunib HenaMHoro 6ojibme BHemnero fluaMeTpa necoHHbix MacoB 




In a sealed tube completely filled with water a run out hourglass floats pressing 
a little on the top cover of the tube. The tube is flipped over. Does the hourglass 
start to float to the top? The internal diameter of the tube is only somewhat 
larger than the external diameter of the hourglass. 



15.3 

^Ba 6aKajia c bhhom ctoat okojio KpacB flByx coceflnux ctojiob. Ha hhx onupaeTCH 

flJIHHHblH H TOHKHH OflHOpOflHblH flepeB5IHHbIH CTep^KCHb. FlpOJIbeTCfl JIH BHHO, 

ecjiH c pasMaxa yflapuTb :«;ejie3H0H najiKoii poBuo no cepefluue CTep5KH5i? 




A broomstick rests on two wine glasses as shown in the figure. Will the wine 
spill out after a strong downward blow to the center of the broomstick with an 
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iron rod? 



15.4 

HaiiTH yroji pacceanHa sjieKTpona c npHLi,ejibHbiM napaneTpoM pmco CKopocTbio 
V B nojie MarHHTHoro mohohojiji 

— * 

-> r 

Find the scattering angle of an electron with the impact parameter p and ve- 
locity V in the field of a magnetic monopole 




15.5 

OflHopoflHbiii map KaTHTca 6e3 npocKajibSbmanHfl no noBepxnocTH noBopoTHoro 
CTOjia, KOTopbiH Bpan],aeTC5i c yrjiOBoft CKopocTbio Q.. HaiiTH TpaeKTopnio mapa, 
ecjiH B HanajibKbiH momcht BpeMenn paflnyc-BCKTop Li,eHTpa mapa paBcn ro, a 

— * 

erO CKOpOCTb Vq (OTHOCHTCJIbHO JiaGopaTOpHOH CHCTCMbl). 

A homogeneous ball rolls without slipping on the surface of a turntable which 
rotates with angular velocity Q.. Find the trajectory of the ball if at the initial 

— * 

moment of time the radius vector of the ball equals to ro and its velocity is Vq 
(with regard to the laboratory frame). 

15.6 

npOBOJIOHKa, KOIIUbl KOTOpOfi SaKpCnjICIILI, IiaX0/l,HTC5I B IIC0/l,II0p0/l,II0M MarifflTIIOM 

nojie. HpH 3T0M iiaT5i:>KeHHe npoBOjiOHKH paBHO T. KaKon tok tchct no npoBOjiOMxe, 
ecjiH ee 4)opMa coBna^acT c TpaeKTopneii npoTona c HMnyjibcoM p b stom nojie? 

A current-carrying wire with fixed ends is placed in a non-uniform magnetic 
field. The tension of the wire equals to T. What current does flow in the wire 
if its form coincides with the trajectory of a proton with momentum p in this 
field? 
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PemeHHa 

KoHTpojibHaa paSoxa 1 



1.1 




PasjioscHM CKopocTb co6aKH (b CHCTeMe 3aHLi,a) na paflHajibnyio h TanreHi^HajibHyio 

KOMnOHeHTbl 

Vr = —V + u COS {tt — (p) = —V — u COS = u sin (tt — = it sin (yi?. 

Ho Vr = f n = np. riosTOMy 

f = — y — w cos (p, rip = u sin 

J\qjivlu nepBoe ypaBHeHne Ha BTopoe h y^TCM 

f dr 



nojiy^aeM 



riosTOMy 



Ho 



1 dr V + u cos ip 
r dip u sin ip 

r r 1^ + ucosip 

In — = — / dip. 

L J u sm LD 

tt/2 ^ 

/ : dip = / f ^dz, 



u sin ip J 1 — z"^ 

rfle z = cos ip. J^ajihuie pa3Jio>KHM 

^ = H , ^ = -1 + — , B = -[ — 

1-^2 l-z l + z' 2V ur 2Vw 
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CjieflOBaTejibHO, 



^^7 

f—^dz = In f(l + z)^{l - z'-^ 
1 — z^ 



riosTOMy 



'^"l/ + WC0S(/9 (1 + C0S(^)^ ^ 

: a(fi = m — — = in 



7r/2 



usirnp 



[1 — COS(/?)^ 



2 / sin cp 



H ypaBHeHHe TpaeKTopHH 6yfleT 



1.2 



^ = ctg - 

simp \ 2, 




Ha 



nojiy^aeM 



r = —u{l + cos rip = u sin 



r(l — cos (p) + sin (/? = —u{l — cos^ sin^ (p = 0. 



Ho 



f(l — cos (p) + r(/j sin (p = — (r — r cos (p). 

(JjL 

CjieflOBaTejibHO, 

r(l — cosip) = C, 
rfle C HeKOTopa5i KOHCTaHTa. Hpn ^ = HMeeM (cm. pncyHOK) 

L2 



rQ = ^L\ + Ll, cos(^o = 



HosTOMy C = L2 + + L2 
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B CHCTCMC '3am\a (/? ^ tt, Kor/i,a t oo. ^chctbhtcjie.ho, = ^simp > 0, 
ecjiH (f < TT, m (f Bce speMA pacTCT. Ho npn npH6jiH>KeHHH k tt, xaK (f, TaK h r 
CTpeMflTca K HyjiK). 

CjieflOBaTejibHO, paccT05iHHe CTpeMHTca k npeflejibHOMy SHaMeHHio 

_ c ^ Z/2 + \Jl\-\- L'2 



mm 



1 — COS TT 



1.3 

HaiifleM HH4)HHHTe3HMajibHt>ie CMemeHHa BflOJib KoopflHnaT 1^, 77 h 



1 
2 



cos (£> i + 



A — COS Z + 



7/ 



sin (f) j + k 



d{(j))T = \^f] (— sin0 i + COS0 j) d(f). 

r^e, HanpHMCp, C?(^)f = idx)rj,cf>=consti + idy)n,^=constj + {dz)rj,^=constk. OpTbl - 
9T0 CflHHHHHbie BCKTOpa BO 9THM HanpaBJieHHflM. IlosTOMy npocTO HopMHpyeM 

cooTBCTCTByiomHe HH4)HHHTe3HMajibHbie CMeiii,eHH5i . HanpHMcp 



d^^f 1 



1 + 



2 ^\ ^ 



B pesyjibTaTC nojiyHHM 



1 



1 



[^cos0 i + 07sin0 J+ k]. 

[y^ cos 4) i + \J1, sin j + A;] , 



— * — > 

= — sin i + cos j. 
3jtcmcht oG^-eMa (iV = • [^^(jj)?^ x (i(^)7^|. SaMenaa, hto a6cojiiOTHoe 



3HaHeHHe fleTepMHHaHTa 



lyfcos^ 



iyfsin, 



— V^sin0 v^cos0 
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paseH + nojiy^aeM 



dV = ^—j-^ df] d(f). 



3jieMeHTt.i njiomaflH pasHbi 



4v^ 
1 



c^'S'(,;,</,) = Id^rj/x (i(^)f1 = ^\/<^(^ + r/) dr]d(j). 



HaKoneu,, sjieMCHT pjrm 

{dlf = {dxf + {dyf + {dzf = + r/) 



1.4 



BejiHMHHa CKopocTH sjieKTpoHa y = y/x'^ P = + a^cj^ ne MeH5ieTC5i 

CO BpeMeneM. CjieflOBaTejibHO, TaHreHLi,HajibHoe ycKopeHne paBHO Hyjiio h HopMajibHoe 
ycKopeHHe coBnaflaeT c BejiHHHHoii nojiHoro ycKopeHH5i: gn = y^x^ + + = 
auj^ . Ho (/n = ^ H paflHyc kphbhshbi 

= — = a H ^. 



1.5 



V 



a 



H 



KoMnOHeHTbl CKOpOCTH B nOJI5ipHOH CHCTeMe KOOpflHHaT Vr 

V^p = r(f) = Vsina. IlosTOMy 



V cosa. 



1 dr 

r dip 



= ctga. 
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HHTerpHpy5i, nojiy^aeM ypasHeHHe xpaeKTopHH 

KoHTpojibHaa paSoxa 2 
2.1 




//////////////////// 

Bo BpeM5i nafleHHH MH^a HS-sa BOSflymnoro noTOKa TenHHCHbift m5imhk OTopBeTca 

H, CJieflOBaTejIbHO CT0JIKHeTC5I y:>Ke OTCKOMHBLUHM M5IM0M. /^Jlil OLI,eHKH M05KH0 
CHHTaTb, HTO H M5IM, H M5IMHK flBH:«;yTC5I Ha BCTpCHy CO CKOpOCTbK) V ~ \/2gh, 
rfle /i = 1 M. B CHCTCMe nOK05I Ma^a, MAMHK flBH>KeTC5I CO CKOpOCTblO 2V 

H OTCKaKHBaeT c TaKOH >Ke CKopocTbio, TaK KaK ero Macca mhofo Menbine 
Maccbi 6acKeT6ojibHoro Msna. T.e. m5imhk OTCxaKHBaeT Kax 6bi ot CTeHKH. 
CjieflOBaxejibHO, b CHCxeMe aeMjiH CKopocTb Ma^HKa nocjie yflapa 6yfleT 2V + 
y = 3y. BbicoTa noflTDCMa nponopLi,HOHajibHa KBa^paTy HanajibHOH CKopocTH, 
nosTOMy TeHHHCHbiii mjihhk noflCKOMHT Ha BbicoTy = 9 m. peajibnafi BbicoTa 
noflCKOKa 6yfleT HecKOjibKO MeHbine ns-aa conpoTHBjieHH5i Bosflyxa h noTepb 
sneprHH npn y^apax, ho Bce paBHO STa BbicoTa 6yfleT snaMHTejibHO 6ojibme, 

MCM 1 M. 



2.2 

A 

B CHCTeMe rB03fl5i acho, mto 6yMara npo6HBaeTC5i, no9TOMy Becb Bonpoc 

B TOM, KaK 9T0 flOCTHraeTC5I B CHCTeMe U,HJIHHflpa. B MOMCHT CT0JIKH0BeHH5I 
KOHHHK rB03fl5I HaX0flHTC5I Ha paCCT05IHHH - OT Hanajia LI,HJIHHflpa. Ho OH He 
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MOJKCT MrHOBCHHO 0CTaH0BHTt.C5I. Oh BOo6TI],e He "SHaeT", HTO CTOJTKHOBCHHC 
npOH30mjTO, T.K. CHrnajI O CTOJTKHOBeHHH M05KCT paCnpOCTpaHflTBC5I B/1,0JTB rB03fl5I 
CO CKOpOCTbK) He 6ojILmC, nCM CKOpOCTL CBCTa C. TaK KaK B CHCTCMC I],HJIHHflpa 

KOHHHK rB03fl5i y6eracT ot 3Toro CHrnajia co CKopocTbio V, to oh HonyBCTByeT 

nOCJieflCTBH5I CT0JIKH0BeHH5I He paHBHie, HeM j(^J1y^ ■ Bee 9T0 BpeM5I OH flBH>KeTC5I 
CO CKOpOCTBK) V H, CJieflOBaTCJIBHO, K STOMy MOMCHTy BpeMeHH 0Ka>KeTC5I OT 



nanajia i],HjiHH;i,pa na paccToanHH ^ + ^(^^y^ = -^yjz^- Tax Tax L^j^ > L, 
TO TBOSflb He MO>KeT He Hpo6HTb 6yMary. 



2.3 

TaHreHn,HajibHoe ycKopenne 



dV d xx + yij + zz a -V 



dt dV"" +^ +^ " yjx' + y' + z' V 
HopMajibHoe ycKopenne 



, id-Vf \dxV\ 

r — v^=^- 



Ho = HOSTOMy pa^Hyc kphbhshbi 

R = — = 



fln \d X V\ 

2.4 

HaftfleM HH4)HHHTe3HMajibHbie CMen],eHH5i Bflojib KOopflnnaT cr h r. 

c?(^)f = {dr)T=const = da[Ti - aj], d^^f = {dr)a=const = dT[ai + rj]. 

OpTbl Cg- H eV OTJIHHaiOTCa OT C?(o-)f H TOJIbKO HOpMHpOBKOH. IloSTOMy 

ri — (jj ^ ai + rj 
= , ^ = H Ct- = 



3jieMeHT Hjion],aflH (i5 = x (i(r)r| = (cr^ + r^) dadr. 
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2.5 



HaftfleM OpTbl c4)epHHeCK0H CHCTeMbI KOOpflHHaT. 

r = r sin 9 cos (pi + r sin 9 sin Lp j + r cos ^ j . 
riosTOMy HH4)HHHTe3HMajibHbie CMemeHHa Bflojib KOopflHHaT r,6 n ip 6yflyT 
d[j.-)r = dr[sm9 cosipi + sin^sin(/?j + cos 6* A;], 
c/(,9)r = r(i^[cos ^ cos (pi -\- cos ^ sin (p j — sin ^ ^] 



d{^p)r = r sin ^c?(/?[— sin i + cos j] . 
HopMHpya, nojiynaeM opTbi: 

— * — * — * 

Cr = sin ^ cos (pi + sin 9 sin j ' + cos ^ k, 

— * — * — * — # — > 

egi = cos 9 cos c/? i + cos 9 sin (/? j — sin 9 k, e^r, = — sin (pi + cos j . 

no9TOMy r = rCr h CKopocTb TOHKH Ha noBepxHOCTH mapa (Kor^a r = const) 
6yfleT y = = TCr- Ho = 9ee + sin^e,^ Tax xax 

— * — * — * — * -iL 

Cr = 9[cos 9 COS (pi + COS ^ sin (p j — sin9 k] + (p sin 9[— sin (pi + cos (/? i] . 



MepHflHan nanpaBjien Bflojib cq. lloaTOMy, corjiacHO ycjiOBHTO, V -eo = V cosa. 
Ho Torjia V -Ci^ = V sin a, xaK xax cq h B3aHMH0-nepncH/i,HKyjT5ipHbi h jrc^KaT 
B oflHOM (KacaTejibiiOH K mapy) njiocKOCTH c V . HocTaBji5i5i b 9th paBCHCTBa 

— * 

V = r9eQ + r^? sin ^6(^5 nojiy^aeM 

r9 = y cosa, 
r(psin9 = Fsina. 

HoflejiHM oflHO Ha flpyroe h ynTCM ^ = HOjiyHHM 



if dtp ' 

1 d9 



sin 9 d(p 



ctga. 



HCHOJIbSyfl 

d9 



sin9 



1 



+ 



1 



.1 + cos^ 1 — cos^. 



d cos ^ = In 



1-cos^ , 9 
^ 1 + cos 9 2 



HOjiynaeM ypaBHenne TpaeKTopHH 

9 



9^ 



^2 ° 2 
3Ta KpHBaji HasbiBaeTCJi jiOKCOflpoMHeft. 
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2.6 

BeKTopHoe npoHSBefleHne aHTHKOMMyTaTHBHO, t.k. 

= (A + B) X (A + B) = AxB-\-BxA. 

TaK:ace Mo:a<HO flOKasaTb, hto CMemaHHoe npoHSBefleHne {A x B) ■ C MCHJieT 
3HaK npH nepecTanoBKe JiioGbix flByx coMHO^KHTejieii. HanpHMep, 

= {{A + C) X B) ■ {A + C) = (C X B) ■ A + (AxB)- C. 

J\ji^i jiio6bix flByx BCKTopoB A R B, HopMa 1^4 X Bp paBHa 



A-^B\xB 



7 A-B ^ 

A ^ B 

|B|2 



B\' = \A\^\B\^ - {A ■ Bf 



CjieflOBaTejibHO, fljia jiioGbix flByx bcktopob cnpaBeflJiHBO cooTHomeHHe 

{AxB)-{AxB) = {A-A){B-B) - {A-Bf. 

Tenepb paccMOTpHM 

\Ax {BxA)- {A-A)B+{A- B)A\'^ = 

= \Ax{BxA)\^ + \A\^\B\^ - {A-Bf\A\^ - 2\A\\A x {B x A)) ■ B. 
Ho 9T0 paBHO Hyjiio, TaK KaK 

\Ax{Bx A)\^ = \A\^\B X A\^ = \A\^\B\^ - {A-BY\A\^ 



{Ax {B X A)) ■ B = {B X A) ■ {B X A) = \A\'^\B\^ - (A ■ Bf. 
CjieflOBaTejibHO, 

Ax{BxA) = {A-A)B-{A-B)A. (1) 
OflHaKO, xopomo HSBecTHoe fljia TpexMepnoro BeKTopnoro npoHSBefleHHa cooTHomeHHe 



Ax{BxC)= B(A • C) - CiA • B) 



(2) 



B o6iii,CM cjiynae ne Bbino,JTH5iCTC5i. HtoGh /i,0Ka3aTb 3to, paccMOTpHM TepnapHoe 
npoH3BefleHHe (KOTopoe paBHO nyjiK), ecjiH BbinojiHaeTca (2)) 

{A, B,C} = Ax{BxC)- B{A ■ C) + C{A ■ B) . 
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To>KflecTBO (1) osHanacT, mto TepnapHOC npoH3BC/i,CHHC, nanofloGHC CMcmaHHoro 
npoH3BefleHH5i, TO>Ke KOCOCHMMeTpHHHaa (J)yHKii,H5i CBOHX apryMCHTOB. HanpHMep, 

= {A + B,A + B,C} = {A, B, C] + {B, A, C}. 

riycTt. e^, i = 1 ^ n HeKOTopbift opTOHopMHpoBaHHbift 6a3HC b MHoroMepnoM 
BCKTopHOM npocTpancTBe. Torfla 

{ci X A) ■ (e, X 5) = {{ci xB)xe^-A = [B-{B- e,)e^ ■ A 

H, cjieflOBaTejibHO, 

E(el X A) ■ [ci xB) = {n- l)A ■ B. (3) 

i=l 

Hcnojib3y5i 3to TO^KflecTBO, nojiynaeM 

E{el,AB}-{el,C,D} = 

= {n-h){AxB)-{C xD) + 2(1 ■ C){B ■ D) - 2{A-D){B ■ C). (4) 



riosTOMy 



E {el, e,, A} ■ {ei, e,-, B} = {n - l)(n -S)A-B (5) 



n 



{ei,ej,4} • {e;,ej,4} = n(n- l)(n - 3). (6) 

i,j,k=l 

riocjieflHee ypaBHCHHe noKa3biBaeT, hto neKOTopbie {e^, e^, e^} ne paBHbi nyjiio, 
ecjiH n > 3. TaKHM o6pa30M TO^KflecTBO (2) fleiicTBHTejibHO cnpaBefljiHBO tojibko 
fljia o6biHHoro TpexMepHoro BeKTopHoro npoH3BefleHH5i (n = 1 cjiynaii, KOHenHO, 
He HHTepeceH, noTOMy hto sto cooTBeTCTByeT To:»<;flecTBeHHO paBHOMy Hyjiio 
BeKTopnoMy npoH3BefleHHK)). 
^ajiee 3aMeTHM, hto Hcnojib3y5i 

Ax{BxC) + {AxB)xC = {A + C)xBx {A+ C)- AxB x A-C xB xC = 

= 2A-C B-A-BC-B-C A 

H 

Ax{Bx{CxD)) + {AxB)x{CxD)- 
-{A xB)x{C xD)-{{AxB)xC)xD + {{A x B) x C) x D+ 
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Ax{Bx{C xD)) = ]- 



+(1 X {B X C)) X D - {Ax {B X C)) X D - Ax {{B X C) X D)+ 

+Ax {{B X C) X D) + Ax {B X {C X D)) , 
MO^KHO npoBepHTb cjTeflyiomee paseHCTBO 

A X {B, C, 3} = -{A, B,C X 3} -\- A X {B X {C X D)) - {A, C,3x B}+ 

+Ax{C x[3x B)) -{A,3,BxC}-\-Ax{3x{B X C)) = 
= -{A, B,C X 3}- {A, C,3xB}- {A, 3,B xC}-\-3Ax {B, C, 3}. 
riocjieflHee paBencTBO cjieflyeT h3 

3{B, C, 3} = {B, C, 3} + {C, 3, B} + {3, B, C} = 

= B X (C X 3) -\- C X (3 X B) -\- 3 X (B X C). 

Cjic/T,OBaTejibHO, TcpiiapHoe npoHSBefleuHe yflOBjieTBopaeT HHTepecHOMy cooTHomeHHio 

2Ax{B, C, 3} = {A, B,Cx3} + {A, C,3xB} + {A, 3,BxC} (7) 

rioSTOMy flOJi:>KHO BbinOJIH5ITbC5I paBCHCTBO 

n 

4 E \ei X {ej,ek,ei}\^ = 

i,j,k,l=l 

n 

= E K^i, ej, eu X ei] + {e^, 4, ei x ej} + {e^, ei, ej x 4}p. 

i,j,k,l=l 

JleByK) CTopony mojkho JierKO BbiHHCJiHTb c noMombio (3) h (6): 

n 

4 E |elx{e;-,efc,e/}p = 4n(n-l)2(n-3). 

i,j,k,l=l 

HTo6bi BbiHHCjiHT npaByio CTopoHy, mo:»<;ho HcnojibsoBaTb cjieflyiomee paBeHCTBO 

n ^ ^ ^ ^ ^ ^ 

E {ei, ej, A} . {ei, ej x B,C} = -(n - 3)(n - Q)A ■ (B x C), (8) 

KOTopoe cjieflyeT h3 (4) h h3 paBencTBa 

E(elxyl)-((elx5)xC) = 

i=l 

= E(ei X A) • [2ei • C B - B • C e; - • B C - e; X (B X C)] = 

z=l 
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= -{n-4)A-{B X C). 
Tenepb, HMea (5) h (8) nofl pyKoii, mojkho flOBOJibHO npocTO BbiHHCJiHTb 



n 



J2 |{ej, Cj, 4 X ei] + {e;, 4, e/ x e^} + {e^, ei, ej x 4}| = 
= 3n(n — l)^(n — 3) + 6n(n — l)(n — 3)(n — 6) = 3n(n — l)(n — 3)(3n — 13). 

CjieflOBaTeJIbHO, flOJI»CHbI HMCTb 

4n(n - l)\n - 3) = 3n(n - l)(n - 3)(3n - 13) 

3n(n - 1) (n - 3) (3n - 13) - 4n(n - l)\n - 3) = 5n(n - 1) (n - 3) (n - 7) = 0. 
3to noKasbiBaeT, hto HeTpHBHajibHoe BeKTopHoe npoHSBefleHne onpeflejieHO 

TOJIbKO B npOCTpaHCTBaX C paSMepHOCTJIMH TpH H ceMb. 



KoHTpojibHaa paSoxa 3 



3.1 



riycTb Lq co6cTBeHHa5i fljinna CTep>KH5i. Tor^a L = — m Lq = 'juL. B CHCTeMe 
S' CTep:»<;eHb HMeeT CKopocTb 



u' = ueV = 



u-V 



rioSTOMy flJIHHa CTep>KH5I B 3T0H CHCTeMe L' = ^ = —L. Ho 



luQV = lulV 1 - 



7„' 7„' 



riosTOMy 



L' = 



L 



7.(l-f)- 



3.2 



CorjiacHO npeoGpaaoBaHHTO JlopeHLi,a HMeeM ct' + x' = '^[ct — (3x -\- x — (3ct\ = 
'yil - 13) {ct + x) n ct' - x' = j{l + I3){ct- x). Ho 



7(1-^) = 



^1 + /?' 



H7(l+/?) = 



l + p _ 1 

^1-/3"7(1-/?) 
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cjieflOBaTejibHO, x\ = e x'_ = e^X-, r^e 



SaMCTHM, HTO 



. , ^ - ^ 7(1 + /^) -7(1-/^) ^ . 



3.3 



riyCTb CHCTCMa 5*1 flSH^KCTCa CO CKOpOCTbK) Vl OTHOCHTejIbHO 5, a CHCTeMa ^2 
CO CKOpOCTbK) V2 OTHOCHTCJIbHO Si- ToFfla 



X 



(1) _ 



1+A (2) 

X- m x_^ = 



CjieflOBaTCjibHO, 



C flpyroii CTopoHbi 



rfle 



(l+A)(l+/?2) 
^(l-A)(l-/?2) 

(2) _ 



X- 



(3 = (3i®(32 = 



1 + 

COOTBCTCTByCT pCJIflTHBHCTCKOH CyMMC CKOpOCTCH Vl H V2. B CJiy^aC Tl CKOpOCTCH 

nojiyHHM 

1+^^ (l+A)(l+;g2)---(l+;gn) 
I -(3 (l-^i)(l-^2)---(l-^n)' 

OTCIOfla M05KH0 OnpeflCJIHTb j3. B naCTHOCTH, eCJIH I3l = j32 = 

a + -(1- 



= TO 



3.4 



PaccMOTpHM TOHKy A jiaMBbi c KOop;i,HHaToii x' B CHCTCMe jiaMBbi. BcnbiniKa b 

TOHKC A B 9T0H CHCTCMe npOHCXOflHT npH = 0, HOSTOMy B CHCTCMe HCnOflBHiSCHOrO 

Ha6jiioflaTeji5i BcnbiniKa npoHCxoflHT npn t = ^{t' + ^x') = 7^x' h b tohkc 
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c KOopflHHaTOH X = 'y{x' + Vt') = 7a:' = yt. 3to noKasbiBaeT, hto b 9toh 

2 

CHCTeMe BcnbiniKa pacnpocTpaH5ieTC5i co CKopocTbio y. To mto 3Ta CKopocTb 
npeBOCxoflHT CKopocTb CBCTa B BaxyyMe c CB5i3aHO c tcm, mto BcnbiniKH pasHbix 
MacTeft jiaMnbi npHMHHHO ne CBHsaHbi flpyr c flpyroM, t.k. b CHCxeMe jiaMnbi 
OHH npoHCxoflHT oflHOBpeMeHHO. EcjiH npHMHHOH BcnbiniKH 5iBJi5ieTC5i nofla^a 
Hanp5i>KeHH5i, nanpHMep, Ha jieBbifi KOHeu,, to BcnbiniKa b CHCTCMe jiaMnbi 6yfleT 
pacnpocTpaH5iTbC5i c KOHeHHoii CKopocTbio u' < c. Torfla b tomkc x' BcnbiniKa 
npoHsoftfleT npH t' = ^. CooTBeTCTBeHHO B Jl-CHCTeMe 6yfleM hmctb 

* = ^ (^7 + ^■■^') = r-c' + 3 « = 7 {-c' + v^) = r-c' (1 + JJ) . 



T.e. CKopocTb pacnpocTpaHeHH5i BcnbiniKH b stoh cncTeMe 6yfleT 



X 

u = — 
t 



1 + 



V 



u' + V 



1 + 



u'V 

r2 



= w e y < c. 



3.5 

ripeflCTaBHM ce6e, mto b^ojib oGpaayromefi Li,HjiHHflpa nocTaBjieHbi tomkh. Ka>KflbiH 
nonepe^HbiH cpes Li,HjiHHflpa npeflCTaBjiaeT coGoft ^acbi, r^e cooTBeTCTByiomafl 
TOMKa HrpaeT pojib KOHLi,a cxpejibi. B CHCTeMe S' sth ^acbi CHHxpoHHSOBanbi, 
T.e. oflHOBpeMeHHO noKasbiBaiOT, nanpHMep, 12—. B CHCTCMe S ohh y>Ke He 

CHHXpOHHSOBaHbl, T.e. KOTfla MaCbl C JieBOrO KOHLI,a H,HJIHHflpa HOKaSblBaiOT 12—, 

nacbi c flpyrHx MacTeft Li,HJiHHflpa noKasbmaiOT flpyroe BpeMH. CjieflOBaTejibHO, 
naniH tomkh b CHCTeMe S y:>Ke He jie>KaT na oflHoii jihhhh b Ka:>KflbiH flannbiH 

MOMeHT BpeMeHH. 3tO nOKaSblBaeT, MTO LI,HJIHHflp B CHCTeMe S AOJI^KCH 6bITb 

CKpynenHbiM. 




M / 




rioCMOTpHM 60Jiee BHHMaTejIbHO. riyCTb B MOMCHT t = TOHKa 5, KOTopaa 

HaxoflHTC5i Ha paccT05iHHH L Bflojib Li,HjiHHflpa OT TOMKH ^4, HOBcpHyTa Ha yroji 
KoopflHHaTaM a:^ = 0, t^ = 0HX5 = L, ^^ = 06 CHCTeMe 5" cooTBCTCTBycT 
x'j^ = 0, = H x'q = 7(xb - VIb) = 7-^, ^'b = l{t 



B 



ripH 9T0M, B 3T0H CHCTCMe TOMKa B B MOMCHT t'^ TOJKC HOBCpHyTa Ha yPOJI 
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T.K. nonepe^Hbie pasMcpti npn npcoGpasoBaHHH JlopcHij,a hc mch5itotc5i h, 
cjieflOBaTejibHO, nonepe^HbiH yrojr to>kc hc MeH5ieTC5i. 3a BpeMH t'ji^ — t'^ = 
7^L TOMKa B /i,oji>Kiia ycneTb noBcpiiyTca Ha yroji 99, t.k. b CHCxeMe S' nacbi 

CHHXpOHH3HpOBaHL.I H KOFfla v4 HOKaSblBaCT 0, B TOme flOJi:>KeH HOKaSblBaTb 

TaKoe->Ke BpeM5i. ^pyrHMH cjiOBaMH, b jik)6oh momcht BpeMenn, b tom hhcjic 

H npH t' = 0, BCe TOHKH ;i,OJT>KHbI Jie^KaTb Ha OflHOH JIHHHH B CHCTCMe 5". 

CjieflOBaTejibHO, = -f^Lu' , t.k. b chctcmc S' H,HjiHHflp Bpan],aeTC5i c yrjiOBoii 

CKOpOCTblO u' . TaKHM o6pa30M B CHCTCMC 5* HMeCM KpyHCHHe Ha eflHHHLI,y 

fljTHHbi ^ = 7^'^'- namcro paccy>K/i,CHHfl 5icho, hto KpynenHe npoHCxoflHT 
B npoTHBonojio>KHOM K Bpan],eHHio HanpaBjieHHH (cm. pHcynoK). 



KoHTpojibHaa paSoxa 4 



4.1 

B CHCTCMe S KOMHOHCHTbl CKOpOCTH 4)0T0Ha Cx = CCOS^, Cy = CSill^. B 

CHCTCMe S' 6yfleM HMCTb 

Cy 



Cy = CSm2e=- . y 



HJIH 



sin 29 = 



sin 6 



7(l-/3cos^)' 

Ho ^ <C 1, HOSTOMy sin^ ^ 0, sin 2^ ^ 20 m cos 6 ^ 1. CjieflOBaTCjibHO, 

1 



2 = 



1 + /3 

7(1-^) "^1-/? 



H/?=|. 



4.2 

B Jl-CHCTCMC KOMHOHCHTbl CKOpOCTH HaflaK)n],CrO 4)0T0Ha CyTb Cx = CCOS^l, 

Cy = csin^i. B CHCTCMC scpKajia 6yflCM HMCTb 

, Cx — V c COS Oi — V , Cy c sin Oi 

^ ^ i-/?cos^i' ^ 7(1-^) ^ 7(l-/?cos^i)- 

A HOCJIC 0Tpa:aCCHH5I = — H = C^. IloSTOMy B J1-CHCTCMC y-KOMHOHCHTa 
CKOpOCTH OTpa»CCHHOrO 4)0T0Ha 6yflCT 



c sin $2 



I ■" c sin ^1 1 



7(l + f^) 7'(1-/?|) 1-^cos^i' 
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Ho 

0< = 0^22^ cose, 

c 1 — P COS 6i 1 — p cos 6i 

OKOHHaTejIbHO 

sin^i (l-/32)sin^i 



sin 62 



- ' 1 + /32 - 2/3 COS ^1) 1 + /32 - 2/3 COS ^i' 

4.3 

B Jl-CHCTeMe 4-CKOpOCTH CHCTCM 5*1 H 5*2 HMeiOT BHfl Wi = (71C, 71V1) H W2 = 

(72C, 72V2), Torfla KaK b CHCxeMe Si 6yfleM HMeTb u[ = (c, 0), U2 = (7c, 7^), 

rfle V eCTb 0TH0CHTejIbHa5I CKOpOCTb iSi h <5'2 (cKOpOCTb 5*2 B CHCTeMe Si). Ho 

CKajiiipHoe npoHSBefleHHe 4-BeKTopoB HKBapnaHTHo: urU2 = u'l-u^. CjieflOBaTejibHO, 
7i72(c^ - ^1 • ^2) = 7c^- OTCiofla 7 = 7172(1 - f^i ■ ^2)- Ho 

.2 ^ ;l - - = 1 - (1-/^?) (1-/^2) = + PI - ■ 02 + ■ - m 

7' [1-0-02? [1-0-02? 

C flpyroH CTopoHbi [(3i x (32? = PlPi[l - cos'^ 6) = pfpl - [/3i ■ 02?, h 

OKOHMaTejIbHO 

^2 ^ [0 - 02? - [0 X 02? 
(1 - - 02? 

4.4 




HycTb B MOMCHT BpeMCHH t = CTep:>KeHb B S-CRCTeue saHHMaeT nojio>KeHHe 
KaK Ha pHcyHKe. Tor^a b CHCTeMe 5" 6yfleM hmctb = 0, = 0, = h 
t'B = -I^xb = -7^Lcos^, x'b = JXb = jLcos9, y'^ = hb = LsinO, r^e L 
- fljiHHa CTep:>KH5i b CHCTeMe S. HecMOTpa Ha to, hto I'b-, tohkh [x'j^^y'j^ 

H [x'biV'b) OHpefleJI5IIOT OpHeHTaU,HK) CTep>KH5I B CHCTeMe <5", TaK KaK B 9T0H 
CHCTCMC CTCp^KCHb HeHOflBH^KCH. CjieflOBaTCJIbHO, tg ^' = — H tg ^ = 7tg^'. 
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y 



A 





B 




1 L sin0 


Y L COS0 


X' 



4.5 

riycTb S jiaGopaTopHaa cncTeMa OTcneTa b KOTopofi b HaMajibHbiii momcht 
AB cocTaBjiaeT nyjieBoft yroji c ocbk) x, a nocjie nojiHoro oGopoxa MenaeT 
opHeHTaLi,Hio Ha 180°. SaMenHM flBH>KeHHe no OKpy>KHOCTH na flBH>KeHHe no 
npaBHjibHOMy A^-yrojibHHKy, r^e ^ oo. IlycTb flBHrasiCb no n-oft rpann 
MHoroyrojibHHKa, KOTopaa naKjionena nofl yrjiOM ^ k och x cncTeMbi S ^ BexTop 
AB cocTaBJiaeT yroji (5 c ocbk) a npn nepexofle na cjieflyion],yK) rpanb, c 
yrjiOM naKJiona + a, a = yroji CTanoBnTC5i /? + d^. 




PaccMOTpHM CHCTeMy (S, KOTopa5i nenoflBHJKna OTnocnxejibno 5*, no ocb x 
KOTopoH noBepnyTa na yroji (/? n CMOTpnT Bflojib n-oii rpann. Tor^a b cncTCMe S 
BCKTop AB cocTaBjiaeT yroji Q = jS — Lpc ocbio x npn flBn>Kennn no n-oii rpann 
n yroji 6 + djS - npn flBn>Kennn no (n + 1)-oh rpann. Bbi6epeM nanajio OTcnexa 
BpeMenn Tax, mto t = cooTBCTCTByeT nepexofly ot n-oii rpann k (n + 1)- 
oii. riepefl nepexoflOM, npn ^ = 0_, KOopflnnaTbi Tonex A r B nMeiOT nnfl 
xa = 0,yA = 0, = IcosO^yB = IsinO. IlycTb S' - cncxeMa b KOTopoii AB 
noKonTCH npn flBn>Kennn BflOJib n-oii rpann. Ilo npeoGpaaoBannsM JlopenLi,a 
naxoflnM 

t' = 0, x'a = 0, = 0, 4 = -iK^B, x'b = -fXB, v'b = Vb- 



HecM0Tp5i na to, nxo i!^ 7^ ^s, yroji naKJiona neKTopa AB k ocn x b cncxeMe 
5" onpefleji5ieTC5i na 

^B 7 
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T.K. B CHCTCMC S' BOKTOp AB HenO/l,BH>KeH. 

Hocjic ncpcxofla iia (?T,+ l)-yK) rpaiiL, BCKTop AB ywie flBH>KeTC5i OTHOCHTejibHO 
S' . Cpaay nocjie nepexofla, npn t = 0+, 6yfleM hmctb 

xa = 0, yA = 0, xb = I cos {9 + d/3), ys = I sin {6 + d/3). 

HaftfleM MOMCHT BpeMCHH t = ts TaKOft, HTO C06bITHK) {tB-,XB{tB)) OTBCHaeT 

BpeM5i = B CHCTeMe S' . HneeM 

V 



t'B =l(tB- -^XBitB)^ 



CjieflOBaTejibHO, Ib = Ho ^5(^5) = xb + {V cosd(f)tB ^ xb + VtB, 

rfle dip = OTCiofla 



~ / \ 2~ ^ 2~ 

XB{tB) ~ Z \9 =1 H tB = ^l Xb- 

1 — [V /c)'^ & 

riosTOMy x'q = ^{xB{tB) - VIb) « JXb = COS {6 -\- d/3) hjj'b = ^b(^b) = 
Vb + sin d(p)tB ^ yB + VtBdip = fsin {6 + c?;5) + (7^ - cos (6* + d/S). 
CjieflOBaTejibHO, yroji HaKJiona 6'_^., nocjie nepexo^a na (n+1-yio rpanb, onpeflejiaeTca 

H3 

tg^+ = i[tg(^ + ^i/3) + (7'-l)c^H- 



Ho B CHCTeMe 5" bcktop AB nepenocHTCfl napajiJiejibHO caMOMy ce6e, T.e. 
6'_^_ = 9'_ H, cjieflOBaTCjibHO, tg^ = tg + d(3) + (7^ — \)dip. Ho 

tg {9 + d(5) = ^ « -, « tg ^ + 1 + tg2 ^ d/^. 

1 — tg 6' tg [dp) 1 — dp tg 6 



HosTOMy nojiynacM 

'^^ = -(7'-l)cos2^, 



dip 

HJIH C ynCTOM 6 = P — ip, 

de_ _ 

dip 

CjieflOBaTCJibHO, 



l + (7^-l)cos2^ 



^ de 



/l+(72-l)cOs2^" 
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HnTerpaji mo>kho B35iTb c noMombio noflCTanoBKH tg^ = x: 

dO r dx 



1 + (7^ — 1) cos^ 6 7^ + a: 



1 X I igO 
= — arctg — = — arctg 



7 



7 7 



7 



OKOHMaTejibHO, tg ^ = —7 tg {'^(f). Ho ycjiOBHio aafla^H, nocjie nojiHoro oGopoxa 
9 = 71. riosTOMy flOji>KHbi HMCTb tg {'J^tt) = 0, T.e. 7 nojiyij,ejioe hhcjio (Li,ejibiM 
7 cooTBeTCTByeT ^ = 0). MnnHMajibHafl CKopocTb, V = ^ c, nojiyMaeTC5i npn 
7=1. 



KoHTpojibHaa paSoxa 5 



5.1 



V 





riycTb 5" CHCTeMa Li,eHTpa Mace, KOTopbiii flBH>KeTC5i co CKopocTbio u. BTopa5i 

MaCTHLI,a, K0T0pa5I HenOflBH>KHa B CHCTeMe B CHCTeMe <5" flBH>KeTC5I CO CKOpOCTbK) 

—u. CjieflOBaTCJibHO, nepBaa MacTHLi,a b stoh chctcmc fl^BumeTCsi co CKopocTbio 
u (htoGm cyMMapHbiii HMnyjibC paBH5ijiC5i Hyjiio). IlycTb yroji pacce5iHH5i b 

CHCTCMC S' paBCH 9'. CxOpOCTH MaCTHD, HO BCJIHMHHC HC nOMeH5IK)TC5I, T.K. 

pacccflHHC ynpyroe. CjiCflOBaTCJibHO, nocjie pacce5iHH5i V{ ^ = wcos^', V(y = 
usin9', = —ucos9' h = —usm.9'. Ylo 4)opMyjie cjio^KCHHii CKopocTcfi, 

B CHCTCMC S 6yflCM HMCTb 



Vhx = '-^TT- = U 



1 + COS^' 



1 + %^ 



1 + PIC0S9 



sin ^' 



V2,a; = U 



I -COS 9' 



H 



^2,, = 



7u 1 1 + 
sin ^' 



7,(l + /32cos^0' 



1-/?2C0S^' "'^ 7,(l-/?2cOS^0' 

SaMCTHM, MTO Vl^j; > H V2^x > 0. IloaTOMy B CHCTCMC 5* yrjibi paCCC5IHH5I 

^1 < I H ^2 < f • Bojicc Toro, 

sin 9' 



tg9i = 



7^(1 + cos ^0 
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tg^2 = 



2,y 



2,x 



riosTOMy 



Hjih 



tg 6*1 • tg 6*2 = 



sin^' 
7u(l - cos 6*') 

1 



7^' 

lU 



T.K. > 1- CjieflOBaTejIbHO, < ^ — ^2 h + ^2 < 



5.2 



B CHCTeMe S" 4)otoh HMeeT y-KOMnoneHTy HMnyjibca 



Ho Py = Py n B CHCTeMe S 



p,, = sm U . 

^ c 



hv . 

Pv = — sm a. 

c 



CjieflOBaTCJibHO v sin 0=1' sin 9 h 



sin9 = — sm9'. 



5.3 



PaccMOTpHM pacnafl b CHCTCMe noKoa i^^-MCSona. B SToii chctcmc, Ka^Kflbiii 

HHOH HMCCT SHCprHK) s' = ^ (nOJIOiSCHJIH C = 1) H HMHyjIbC 



p' = ^Je''^ — ml = 



rriK 



2 V mV 

B Jl-CHCTCMC 3IICprH5I TT-MCSOIia, KOTOpbIM B CHCTCMC nOK05J BblJieTejI HOfl yrjiOM 

9' , 6yfleT e = ^{e' + I3p'^) = 7(6' + cos 6''). IlosTOMy 

e' + Pp' 1 + 



q; 



"max 



"mm 



e'-(3p' 1 



rfle 
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ecTb CKopocTb TT-MesoHa B CHCTCMe noKoa K -ue'soaa. OTCiofla CKopocTb 
MeaoHa 

2 

J\ji5i 9HeprHH E = ^2 (BOCCTaHOBHjiH c) Hocjie HeKOTopoH ajireGpbi nojiy^HM 



E = wlkC 



2 q; + 1 



m\ — Ami 



2 ^ am\ — (a + \y 

B Jl-CHCTeMe HMnyjibc nHona 6yfleT 

Px = l [p'x + /^^ j = IP [cose' + 

BHflHO, HTO ^ 0, eCJIH -J" > 1. T.e. flOJi:>KHbI HMCTb 

OTCiofla 
5.4 

^jia OTHOCHTejibHoii CKopocTH B safla^e 4.3 nojiynnjiH 

(1 - /3i . /32)2 

TaK KaK pacnafl CHMMeTpHHHbiii, to /3i = /32 h 6yfleT HMCTb 

2 _ 2/^1^(1- cos ^)-/?i^sin^^ 

(1-^2^08^)2 • 

Ho 2(1 - cosO) - sin2^ = 2(1 -cos^) - (1 - cos^)(l + cos^) = (1 -cos^)^ 
CjieflOBaTejibHO 

,2 n2 (1-C0S^)2 



3HeprH5i TT-Mesona nocjie pacna^a Ei = ^, HMnyjibc pi = \J E^ — m^ = 
E P\ 4^ /„^„„„„„„ . _ IN rr^^„^,„, /P _ Pi _ /i 



lyl - ^ (nojio^KHJiH c = 1). IlosTOMy ^1 = g = ^1-2^. Ho cos6' 
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OflHOSHaHHO OnpC/l,CJT5ICTCfl 3a/l,aHHCM E. /J^eftCTBHTejIbHO, H3 SaKOHOB COXpaHeHHfl 

sneprHH uikJ = 27717^71 h HMnyjibca rjiK^J = 2mT^(3i cos 6 cjieflyeT 

cost/ = — . 

riosTOMy nojiynacM (3l = (^p^Sp" ^^^^^^ ^ - Pi = ^^iz^^)^, hjih 7^ = 
717(1 — C flpyroM CTopoHM, 

7i(l - A^) = 7i(l - cos ^) = . p2, 

m^7i 

rfle pi, P2 - 4-HMnyjibCbi nnoHOB. Hs saKOHOB coxpaHeHH5i 4-HMnyjibca px = 
Pi +P2 cjieflycT 171% = {pi +^2)^ = 2m^ + 2pi • p2 h, cjieflOBaTCjibHO, 



Pi-P2 = 



OKOHHaTCJIbHO, 



1 m% 



ml 2ml 



- 1 



V 4" 1 



"1^ _ 4m2 



m 



. _ 2ml 

u 



m 



K 



He SaBHCHT OT E. 

Bojiee npocTO stot pesyjibTaT Mo:acHO nojiyHHTb, ecjiH saMCTHTb, hto = 

^^19^2 = ^1^2(1 - A • P2) H 

~ ^""^ = Pi • P2 = ^1^2 - Pi • P2 = ( 1 - A • ^2) • 

CjieflOBaTCjibHO, 7^ = ^^^I^"" j^ayKe fljia HecHMMeTpHHHoro pacna^a. 

Eme oflHH npocTOH cnoco6: paccMOTpHM pacnafl b CHCTCMe noKoa oflHoro 

H3 BHOHOB. B STOH CHCTCMe flO pacnafla i^^-MCSOH flBH^KCTCa c HeKOTopoii 

CKopocTbK) y', a BTopoii BHOH nocjic pacnafla co CKopocTbio u. SaKon coxpaHeHH5i 

SHCprHH 6yfleT HMCTb BHfl mxj' = '"^TT + 77l7r7u (nanOMKHM, HTO c = 1), a SaKOH 

coxpaHeHHJi HMnyjibca mx^'j' = mTj-/3uJu- HosTOMy 



7'^ = 4(7. + !)^ 
mj^ 



H 

2 ^2 



(/3'7')^ = 7'^ - 1 = (^) fyl = ^ill - 1) 

KmKJ mj^ 



K 
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OTCiofla 



4(7.+l)^-l = ^(7^l), 1 

H, cjieflOBaTejibHO, 



ml 



7' + 27« + l-7n+l 



^(7.+ l) 



m 



K 



2ml 



5.5 



/]^H(|)4)epeHLi,Hpy5i u ■ u = c , cpaay nojiynaeM a • u = 0. HaftfleM KOMnoHeHTbi 
an- 



dr 



Ho 



(^7 



= (3(3r 



T.K. 7 = (1 — /?^) SfleCb /3 = ^ - HSBeCTHaa 4)yHKLI,H5I no yCJIOBHK). 

CjieflOBaTejibHo, ao = cy^/SfS. 

du 



dr dt 



diV^) d[h) 
= 7c 



dt 



T.K. flBH:aceHHe npjiMOjiHHeHHoe, /5 = /3n h /3 = /?n, r^e n - eflHHHHHbift BCKTop. 
riosTOMy 

a = 72c/?n(l + ^527^) = C7^;5n. 
CjieflOBaTejibHo, = {c^^j3(5^ c^^(5n) h 



a • a = (c74/^)'(/?' - 1) = -c^7"/^ 



2^,6 /i2 



KoHTpojibHaa paSoxa 6 
6.1 

4-HMnyjIbCbI 4)0T0H0B 



pi = { , n) H P2 = ( , n), 

c c c c 

rfle ft - eflHHHHHblH BCKTOp. 
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no9TOMy Macca CHCTeMbi 

2h ^ 



a CKOpOCTb 



V = = c n. 



E V1 + V2 



6.2 



PaccMOTpHM pacnaflTT — ^ 27. Hs coxpaHeHHa 4-HMnyjibcap = ki+k2 nojiynaeM 

§_ 
2 



(nojioiacHjiH c = 1) mjo = 2/ci • /c2 = 2EiE2{l — cos9) = AE1E2 siv? | h 



. 2 ^ "^Jo mjo 



2 4Ei(E-Ei)' 

Korfla El = y = £"2, Ei{E — Ei) /i,ocTHraeT MaxcHMyMa h, cjieflosaTejibHO, 



2 

MHHHMajibHbiH yroji pasjieTa onpeflejiaeTca h3 

sm — — 



2 7?o' 

HJiH 9min = 2arcsin— . 9tot yroji tcm Menbiue, hcm 6ojibme 7,^0. T.e. b 

pacnafle — 7r"'"7r~7r^ naflo o6ecneHHTb MaKCHMajibnyio SHeprnio Tr^-Mesona. 
PaccMOTpHM 7r"^7r~ CHCTeMy KaK oflHy HacTHLi,y 4-HMnyjibcoM p*. Tor^a — 
PttO = P* h {P(j) — Ptt^)^ = 'm'^ — 2mfj)E + mjo = m*^. OTCiofla 

2m^ 

H ona MaKCHMajibHa, Korfla m* MHHHMajibHa. Ho b CHCTeMe nenTpa Mace tt^tt~ 

COCTaBHOH MaCTHT],bI 777.*^ = (E"^ + E'_^ 0)^ = 4(m^± OTCIOfla BHflHO, MTO 

MHHHMyM fl0CTHraeTC5j npH y = H m^^^ = 4m^± . HoaTOMy 

_ ml + m^o - 4m^± 

H caMbiii MHHHMajibHbiii yroji pasjieTa 7-KBaHTOB 6yfleT 

mi + m;o - 4m;± 
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6.3 



PaccMOTpHM sjieKTpoH H Jiflpo flo CTOjiKHOBeHHJi KaK oflHy HacTHLi,y c Maccoft 
Ml, a nocjie CTOJiKHOBeHHa - KaK oflny HacTHLi,y c Maccoft M2. IlpHHeM = 
(pe+PA)'^ = m^+M^+2M£', rflep^ - 4-HMnyjibc nenoflBH^KHoro a^pa. Hspi — 
k = P2, rfle A; 4-HMnyjibc 4)0T0Ha, a pi^2 4-HMnyjibCbi CHCTCMbi sjieKTpoH-aflpo 
flo H nocjie CTOjiKHOBCHHa, nojiyHHM B CHCTCMC Li,eHTpa Mace Ml — 2MiE!y = 

M^. T.e. B STOft CHCTCMC 9HeprH5I TOpMOSHOrO 4)0T0Ha = ^ ■ B Jl- 

CHCTCMC 6yfleM hmctb E^ = 7i£'^(l + /3i cos^'), r^e 71 OTHOcaTca k chctcmc 

9JieKTpOH-5IflpO flO CTOJIKHOBCHHa. BnflHO, HTO E^ MaKCHMajIbHa KOFfla 6' = 
H M2 MHHHMaJIbHa. Ho M2^min = Tn -\- M, T.K. B CHCTCMa nOKOa SJICKTpOH- 

aflpo (nocjie CTOjiKHOBeHHJi) M2 = yj + p'^ + -\/M^ + p'^, r^e p' - BejiHHHHa 
HMnyjibca nacTHU, b stoh chctcmc. IlosTOMy 



M? - (m + M)^ ^ , 



Ho Mf - (m + M)2 = + + 2ME - - - 2mM = 2M{E - m) h 
71(1 + A) 7i(l + A) 1 1 



Ml Mi7i E + M l-/3i 



rfle Mi7i = E-\-M ecTb SHeprnji CHCTCMbi 9jieKTpoH-5iflpo /i,o CTOjiKHOBCHHa, a 

(3i = - CKOpOCTb I],CIITpa Mace STOH CHCTCMbl. CjieflOBaTCJIbHO, Ej^max = 

%+M-p • EcjiH BOCCTaHOBHTb c (BbiLue Mbi npeflHOjiarajiH c = 1): 

M(E - mc^) mMc^{^ - 1) 



c 

OKOHHaTCJIbHO 



E^,max = mc^(7 - 1) 



l + |j7(l-«' ' 



rfle 7 



I 2 



-1/2 



T.K. ^ <C 1, TO E^^max npaKTHHCCKH paBHa KHHCTHHeCKOft SHCprHH SJICKTpOHa. 

Otbct mo:»<;ho sanncaTb eme b TaKOM bh^c 



-E'j^max 



Mc^{E — mc^) mc^{'j — 1] 



E -pc + Mc^ 1 I m /g; 
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6.4 

PaccMOTpHM pacnafl A B^B~ b cncTeMe noKoa MacTHLi,bi A. IlycTb b 9toh 
CHCTeMe HMeex CKopocTb jS'^ h BbijieTaex nofl yrjioM 9' OTHOCHTejibHO CKopocTH 
A B jiaGopaTopnoH CHCxeMe. Tor^a flji5i CKopocTH B^ b Jl-CHCTeMe 6yfleM hmctb 

^ (3'BCOse' + [3a P'b sin 6' 

1 + /3^/3acos^' ""^''^ 7a(1 + /3^/3acos^0' 

A flJIfl CKOpOCTH 



no3TOMy 5"*" H 5^ B Jl-CHCTCMe BbiJieTaiOT nofl yrjiaMH (^i 0TCMHTbiBaeTC5i 




npoTHB MacoBOH CTpejiKH, a ^2 ^ no MacoBofi) 



Yroji pasjiexa 6 = 6i + 62 u 

tg 6'i + tg ^2 2/?^/3^7^ sin 9' 



tge = 



1 - tg ^1 tg 02 -fliPl - /5g cos2 6') - (3'^ sin^ ^' " 



Ho 7l(/?l - /3gcos2^') - (3'^ sin' 6' = ^\{(3l " f^'l) + /^^(tI " l)sin2^' 
llK - Pb + /^l/?^' sin^ ei T.K. 7I - 1 = tI/?!- no3TOMy 



tg0 = 



2[3a[3'b sin^' 



7A (3\-(3'l^(3l(3'^siuH' 

OyHKLI,H5I 



noKaaana na pncyHKe. 
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Ona HMeeT MaxcHMyM b TOHxe 



B 



01 



SaMCTHM, MTO B HameM cjiy^ae 13a > Z?^, t.k. 3HeprH5i i^'-Meaona OMenb 6ojibma5i. 
KpoMe Toro x = sin^' h, cjieflOBaTejibHO, flOji:>KHbi hmctb < 1, hjih 



1-/3; 



/2' 



MTO flaeT (3a < P'bI'b — ~v' ■, rfle jy' ecTb HMnyjibc 5^ b CHCxeMe noK05i 



HacTHLi,bi A. Ho B 3T0H CHCTeMe saKOH coxpaHeHH5i 3HeprHH flaeT mA = '^\Jv + 
OTCiofla p' = niB 



- — 1 H nojiy^aeM ycjiOBHe 

i3A< 



1. 



B cjiy^ae pacnafla 



7r"^7r ycjiOBHe Xq < 1 ne orpanHMHBaeT /J^, Tax KaK 



2^ — 1 > 1. Korfla 9' MeHfleTCfl ot flo tt, tg^ MeHaeTCfl Tax 

tge> 




MaKCHMajibHOMy yrjiy pasjiexa cooTBexcTByeT 9'q h 



sin 6*0 = 



1 1 
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CjieflOBaTejibHO, 

ma 

TaK KaK 70 ^ 1, TO 



70 2{Pl - 70#F^ 



Ho flji5i pacnafla 



MesoHa, Korfla > 



max 

K+K 



1 



70^1 - 7</> 



^ 1 < 1 H flJIfl GojIblUHX SHeprHH 



K 



Am^ 



1, MaKCHMyM Xq Jie:>KHT BHe 4)H3HHeCKOH o6jiacTH 



T.e. He fl0CTHraeTC5i hh npn KaKOM 9'). B 9tom cjiynae tg^ MeH5ieTC5i Tax 

tgG- 




H MaKCHMajibHbiii yroji pasjieTa cooTseTCTByeT ^' = |, T.e. CHMMeTpHMHOMy 
pasjieTy. Torfla 



tg 9fjiax 



K 



1 



K 



70 



CjieflOBaTejiBHO, 0^^^ 
Mesona 



riosTOMy B npeflejie o^enb GojibniHx sneprHH 



K 



7; 



Omax{(i) ^^TT ) 

2 

KaK y>Ke naniJiH, 7^/?^ = ^'^-1 = ^-1. T.e. 7^ 



2m R 



B 



1 



1 — HosTOMy, OKOHMaTejibHO, 

9max{(j)^ K+K-) 



er 



4m^ 



K 



0.14. 
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6.5 

3aK0H coxpaHeHH5i 4-HMnyjibca p = go + 9+ + 9- flaeT (npeflnojiaraeM c = 1) 
{P - Qof = ml + mlo - 2m^Eo = {q+ + q-)^ = 2ml± + 2{E+E_ - p+p_ cos 9. 
OTCiOfla yroji pasjieTa ueyK^y tt"^ h 7t~ 

^ 2EiE- -ml- mlo + 2mJ± + 2m^(m^ - - £;_) 

cos u = ^ ^ 

2^E!-ml^^El-ml^ 

Tax KaK E+ = El n Eq = m^j — E+ — E_ . Ho cos^ < 1, mo flaeT ycjiOBne 
4{El-ml±){E^_-ml±) > [2EiE.-ml-mlo^2ml±^2m^{m^- Ei- E.)f . 
riocjie HeKOTopoH ajire6pt.i, nojiyMHM 4:E'^{m1 — 2mujEi + m\±) + 4£'_(E'i — 
m^) {ml - 2m^Ei - mjo + 2ml±) + (mj - 2m^Ei - mlo + 2mJ±)^ - 4mJ± (E^ - 
^^±) ^ 0. YfloGHO nepeiiTH k GeapasMepHbiM BejiHHHHaM 

El E_ m7r± m^^o 

Xi = , X = , 11 = H Uq = • 

m^ m^ m^ m^ 

Torfla 4x^(1 - 2xi + jj?) - 4x{l - Xi){l - 2xi - //q + 2iJ?) + (1 - 2xi - f4 + 
2/i2)2 + 4^2(^^2 _ < 0. Ho 16(1 - Xi)\l - 2xi + 2yw2)2 - 16(1 - 2xi + 
fi^){l-2xi- iil + 2fi^)^ -Q4fi\xl- fi^){l-2xi^ 11^) = 16(^2 [(1-2x1 - 
fil + 2//2)2 _ 4//2(i _ + H (1 - 2x1 - + 2//2)2 - 4//2(l - 2X1 + /i') = 
(l-2xi-//g)2 + 4//4 + 4//2(l-2xi-//§)-4//2(l-2xi + //2) = (i_2xi-//§)2- 
4//2//0 = (1 — 2xi — /Iq- 2////o)(1 — 2xi — //q + 2////o)- HosTOMy, OKOHnaTejibHO, 

(1 - xi)(l - 2x1 - A^o + - 



X 



•^max — 



2(l-2xi + ;u2) 
(1 - xi)(l - 2x1 - A^o + V) + VD 



2(1 - 2x1 + fJ'^) 
D = {x\ — /i^)(l — 2xi — ytiQ — 2/i/io)(l — 2xi — + 2fJ,fJ,o). 



KoHTpojibHaa paSoxa 7 
7.1 

EcjiH co6cTBeHHa5i fljiHHa >Kejio6a 2L, KoopflHHaTbi co6biTHii naflenHa mapoB b 
CHCTCMe S paBHbi ti = XL = — -t/ H ti? = xr = L. B CHCTeMe Ha6jiK)flaTeji5i 
[S') 6yfleM HMCTb 

fL V\ , (L V\ 
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T.e. npaBbiH map naflaex panbiue. Ho nocjie ero nafleHH5i cocT05iHHe TOKa b 

CeMeHHH AA ne MO^KCT H3MeHHTbC5I MrHOBeHHO: HH4)OpMaLI,H5I O TOM, MTO KopoTKoe 

saMbiKaHHe ncMesjio floiifleT He paHbine, mcm Mepea BpeM5i r' = ^^zy^- 




A- 



A 




Ho 

4+r = L-fv 



1 V 1 / 
2 + 2- i + - 



1 y 2 

- + ^ + - 



c 



L 



= t'L + 2^v->t'L 



CjieflOBaTejibHO, k TOMy BpeMCHH Kor^a b CHCTCMe S' ce^eHHe AA "ysHaeT", 
MTO KopoTKoe saMBiKaHHe Hcnesjio, JieBbiH map tojkc 0Ka>KeTC5i ynaBmHM h 
jiaMnoHKa He 3a>KreTC5i. 



7.2 

HycTb CHrnaji floroH5ieT paKCTy b momcht, Kor^a CKopocTb paKCTbi paBHa V . 
B conyTCTByK)m,eH HHepLi,HajibHOH CO ^acTOTa CHrnajia 6yfleT v' = — (3). 
Hocjie 0Tpa>KeHH5i, b stoh CHCxeMe MacToxa ne noMeH5ieTC5i, a HMnyjibc 4)0T0Ha 
noMeH5ieT 3HaK. HosTOMy b Jl-cncTeMe ^acTOTa OTpa:>KeHHoro cnrHajia 6yfleT 



^OTp = 7^'(1 - /?) = ^7^(1 -^f = ]-^ 
CjieflOBaTejibHO, z^oTp = Zi/, r^e 

1 + 13 1 + /3 

HoCMOTpHM KaK MeH5ieTC5I Z CO BpeMCHeM. 

dZ _ 2 d(5 

Ho 

^ g 

dt C7^ 



v. 
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(ycKopeHHe paKCTbi b Jl-CHCxeMe 7^-pa3 Menbiue). IlosTOMy 
dZ 2g 1 2g 



riepeftfleM k sanasflbisaiomeMy BpeMCHH t- = t—^ = ^ (BcnoMHHTe nepeMenHbie 
CBeTOBoro KOHyca). Tor^a dt- = dt — ^ = (1 — f3)dt r ypaBHCHHe fljia Z 
nepenHmeTC5i Tax 

dZ _ 2g 

dt- c 

HJIH 



dZ q , 

-dt^ 



2^JZ c 

HHTerpHpysi h npHHHMa5i bo BHHMaHne, mto b HaMajibHbm momcht t = 0, a: = 
H, cjieflOBaTejiBHO, t- = 0, Z{Qi) = 1 (t.k. /3(0) = 0), nojiy^aeM \/~Z—l = —^t-. 
CnrHaji npomeji paccT05iHHe x sa BpeM5i t — r. IloaTOMy x = c{t — t) m t- = 
t — ^ = T. OKOHHaTejiBHO, VZ = 1 — ^ VL Z = {l — . CjieflOBaTejibHO, 



7.3 




X 



HMnyjibCbi sjieKTpoHa h npoTOHa nepefl CTOjiKHOBeHHeM 6yflyT ]7e,x = Pe,o ~ e^'t 

H = CjieflOBaTejIbHO, ^e,a; + Vv.x = I?0, TflC j3o = Ve,(} - HaMajIbHblH 

HMnyjibc 9JieKTpoHa. Pa6oTa sjieKxpHMecKHx chji onpefleji5ieTC5i TOJibKO KoneMHbiMH 
H HaMajibHbiMH nojiO)KeHH5iMH MacTHD,. riosTOMy nepefl CTOJiKHOBenHeM aneprHii 
MacTHD, 6yflyT = Eq — eSl n Ep = nipC^ + e^"/. T.e. E^ + Ep = £"0 + 
nipC^ . CjieflOBaTejibHO, cyMMapHbiii 4-HMnyjibc nepefl CTOjiKHOBeHneM 6yfleT 
(nojio>KHjiH c = 1) (£"0 + mp,j9o?0?0). Ha coxpaHeHH5i 4-HMnyjibca cjieflyex 

(£"0 + nipY — pI= {P'e +Pp + Qe+ + 9e-)^, TflC J9g, J9p - 4-HMnyjIbCbI SJieKTpOHa 
H npOTOHa nOCJie CT0JIKH0BeHH5I, a ^e+j ^e- ^ 4-HMnyjIbCbI HOBblX MaCTHU,. Ho 
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(Eq + TUp)^ - pI = El- pI + 2Eomp + ml = ml + ml + 2Eomp h {p'^ + 1?^ + 
qe+ + ^e-)^ ^ (^e + + 2me)^ = 9mg + + Qmpmp (HHsapHaHTHa^i Macca 

{P'e +Pp + 9e+ + ^e-)^ MHHHMajIbHa, KOFfla B CHCTCMC HCIITpa MaCC BCC naCTHLI,bI 

HenoflBH:>KHbi). CjieflOBaTejibHO, m^, + + 2EQmp > 9ml + + QmeJUp h 

(BOCCTaHOBHJIH c) 



Eq > meC^ 3+4 



mp^ 



7.4 

CnepBa neKOTopbie cooTHomeHH5i fljia paKCTti. Tax KaK b CHCTeMe scmjih ycKopeHHe 
paKeTbi a = TO = f = ^. Ho 7 = 7^/?/^ 



1(^7) = ^7 + ^7 = ^7(1 + A') = /^7' = -• 
at c 



7^2 

yjieTHT Ha paccTOSHHe 



Cjic/i,OBaTejibHO, /57 = ^ h 7 = VI + l^'^l^ ~ + 3a BpeMJi r paxeTa 



T r 3 2 /^^ 2 

L = / = c f /3dt = c [ /3^d/3 = ^ /(I - = -(7 - 1). 

^ ^^0 ^ 

ripH 9T0M C06cTBeHH0e BpCMfl paKCTbl 

dt } dt c or 



T 



, r at r at c ut 

t = — = / , = - arcsn — . 



CjieflOBaTejibHO, 



T = - sh ( — I H 7(t) = 
9 V c ' 



72 [ c 



T.e. 

Pit) = th 

KoOpflHHaTbl B CHCTCMC paKCTbl 5" COBHa/l,aK)T C KOOp/l,HHaTaMH B MrnOBCHHOH 

conyTCTByK)iii,CH chctcmc 5*'. Ho b momcht t — naHa-ira chctcm S h S' ae 
coBnaflaiOT h nacbi S' noKasbmaiOT ne nyjib, a HCKOTopoe BpcMa 

7 9 \c 
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rioSTOMy paCCMOTpHM CII1,C flBG HHepil,HajIbHt.ie CHCTeMbi: S'l KOTOpblii B MOMCHT 
t = HaXOflHJICa B TOH JKG TOMKC C KOOpflHHaTOH 



xo = L — Vt = 



9 



ch 



1 



th 



sh 



c 



1 



c 



rfle HaxoflHJica Ha^ajio CHCTeMbi S' , ho nacbi S'l npn stom noKasbmajiH t'j^ = 0. 
BTopaa CHCTeMa S'l HenoflBHiscHa OTHOCHTejibHO 3cmjth, ho ee nanajio HaxoflHTca 
B TOHKe c KoopflHHaToii xq (b CHCTeMe Scmjih). CjieflOBaTejibHO, b momcht 
t = i!i = nanajia S'l h S'l coBnaflaiOT. IlosTOMy CTanflapTHbie 4)opMyjibi 
npeo6pa30BaHH5i JlopeHLi,a npHMeHHMbi fljia sthx chctcm 6e3 M0flH4)HKaLi,HH 
H nojiynaeM Xi = ^{x'l + Vt'i) n ti = 7 (t'l + ^ic'i) . Ho x = Xq + Xi 
(saMeTHM, HTO Xq < 0) n t = ti. C flpyroH CTopoHbi, x'l = x' = x' n 
i'l = i' - i'o = t' - i'o = I th (^^) . RosTOMy 



Xi = ch 



c 
9 



x' + — th^ 



c 



H 



X = Xi -\- Xq = h ch 

g \c 



, fQt'\ 



1 



H 

g 



c 

g 



KpoMe Toro 



t = ti = ch 



'gt'^ 



^thK 
g \c 



X 



c 



th 



'gt'^ 



= - sh 

g 



'gf 

c 



. ,g I 

1 + ^x 



OKOHHaTejibHO nojiynaeM, hto KOopflnnaTbi co6biTH5i (ct', x\ y', z') b CHCTeMe 

paKCTbl H KOOpflHHaTbl (ct, O:, ^, Z) B CHCTeMe SCMJIH CB5I3aHbI C00TH0meHH5IMH 



1,5', 
1 + 



, X = ch 



c 



x + 



c 



c 



g 



^ y = y\ z = z'. 



7.5 

riojiyHHM ypaBHCHHe flBH:»<;eHH5i fljiJi sepxajia. 3a BpcMJi dt na sepxajio ynaflCT 
ynacTOK jiyna jiasepa ajthhoh dl = {c — V)dt. Jlasep stot ynacTOK HSjiyHHT 
3a BpcMa dto = ^ = (1 — I3)dt. CjieflOBaTCJibHO, na sepxajio ynajio cbctoboh 
SHcprHH S = Ndto = N[l — f3)dt, r^e N - MomHOCTb jiasepa. Ecjih h3 SToii 
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9HeprHH 8' OTpasHjiacb, to saKOHbi coxpaHeHH5i SHcprHH h HMnyjitca 6y/],yT 
HMCTb BH/1, S + E = E' + E + dE^ |+p = —^j^pj^dp. OTCK)/i,a d{E + cp) = 
2£ = 2A^(1 — (3)dt. Ho E = mc^j n p = mc(3^. Bbo/i,5i sanasflbisaiomee speMA 
t- = t — ^ saMe^aa, hto cJt- = (1 — j3)dt, nojiynaeM 

[7(1+/?)] = 



OTCiofla 



7(1 + /^) = 



1 + _ 2iV 

\ 1 — /3 mc^ 



+ 



T.K. B HaHajibHbiii momcht i_ = h /3 = 0. CjieflOBaTejibHO, 

,2 



SepKajio yjieTHT na paccT05iHHe 



( 2iV^_ + 1)^-1 
+ 1)' + 1 



= / cl3dt = c -dt- 



Ho 



1-/3 



X 1 r 
r ~ 2 y 



'2A^ \2 ■ 

— ^^- + 1 -1 



dt- = 



mc 
UN 



'2N \^ 

+ l -1 



OTciofla 



HJIH 



X X mc 

2- + t- = t + - 



rfle t± = t zt |. Ho 



CjieflOBaTejibHO, 



6 — ttU = 



6N 

'2N 



2N y ' 



+ l -1, 



Nx _ 9 • 10^ • lO^^ _ 1 
mc3 ~ 1 • 27 • 1024 ~ 3' 



'ct 



X 



+ 1 = 



"2 /ct 
3 Va; 



1+1 



- 1. 
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riycTb 



2 
3 



'ct 



X 



- 1 + 1 = T. 



J\ji5i T 6yfleM HMCTb ypaBHeHHe 3r + 2 = r^. Hjih 3(r+l) = + 1 = 
(r+l)(T2-r+l). CjieflOBaTejibHO, (r + l)(r2 - r - 2) = (r+l)2(r-2) = 0. 
YcTpaHBaeT tojibko r = 2, T.K.r>0. IlosTOMy 



ct 

X 



3r-l 5 5x 5 10^^ 5_7 

— — = H t = -— = - - — = -10 ceK. 
2 2 2 c 2 3 • 10^ 6 



TaKHM o6pa30M, sepKajio yjieTHT Ha paccTOJiHHe 10^^ m sa |lO^ ceK. 



KoHTpojibHaa paSoxa 8 
8.1 

riycTb KOopflHHaTbi BepxHero KOHLi,a b neKOTopbiii momcht BpeMenn x m y. x- 
HanpaBjieHHH Ha CTep:aceHb CHjia ne fleftcTByeT, nosTOMy Li,eHTp Mace CTepTKR^i O 
6yfleT naflaTb BcpTHKajibHO h Bcerfla 6yfleT Haxo/i,HTC5i na och y. T.k. CTep»ceHb 
oflHopoflHbiii, AO = OB h, cjieflOBaTejibHo, A'O = OB' = |. Tor^a h3 

npflMoyrojibHoro TpeyrojibHHKa OB'B nojiynaeM x^ -\- ^ = ^. 9to h ecTb 
ypaBHeHHe TpaeKTopHH Bepxnero KOHu,a h npeflCTaBjiaeT co6oh sjijihhc. 



y 


i 


B', 




7 




A A' 



8.2 



3jieKTpoH npHT5irHBaeTC5i k hjiockocth c CHJioii j^^, r^e z 
HjiocKOCTH. CjieflOBaTejibHO, ypaBHeHHC /i,BH>KeHH5i 6yfleT mz - 



paccTOflHHe flo 



_e 

'4z 



2. yMHo:acaeM 
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o6e nacTH na i, 



2 dV ' 4^2 



. d 

4 C^t 



• 2 2 

OTCTOfla ^^^^f fi ~ const. Ho BHanajie z = if h i = 0. CjieflOBaTejibHO, 



const = —fjj ^ 



mz^ [1 1 



2 4 \z HJ 

riosTOMy (saMCTHM, HTO i < 0, T.K. ocb z y Hac HanpaBjiena BepTHKajibHO 
BBepx) 

dz 



dt 



1 1 



\ 2m 



PasflejiflCM nepeMeHHbie h HHTerpnpyeM 

, 



T = - 



^ V 2m (z i) V 2to {\ h) 



CflejiaeM noflCTaHOBKy 



1 1 



1 



T.e. 



n z = H cos^ (f. 



z H H cos^ if 



riojiynaeM 



7r/2 



T = 2—\/2mH I cos^ (pd(p = —j-^ 



mH 



8.3 



3aK0H coxpaiieHHa 9HeprHH 



X 



= E. 



OTCiofla 



dx 
'dt~\ 



-(E-Uotg' (- 



m 



a, 
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H (sbiGHpaeM Hanajio OTC^eTa xaK, hto b momcht t = KoopflHHaTa x 

dy / m ^ cos (^) c?|/ 



= 0) 



t = 



m 



I 



CflejiaeM noflCTaHOBKy 



E + Uo . (y\ . 

sm 1-1 = simp. 



Torfla 



rfle 



t = a. 



1 E + ^o 

-A — = — cos \-\dy = cos (/? 
a\ hj \a) 

cos (/9 



^2(E + t/o) I cos^ ^2(E + [/o) 



max') 



sm (/P^aa; = 



\ ;=; — sm — 



CjieflOBaTejibHO, 



E + Uq . (x\ 
\ — - — sm — = sm 
\ E \aj 



( 



2{E + ^o) t 
m a 



H, OKOHHaTeJIbHO, 



X = a arcsm 



E 



\E + Uo 



sm 



2(E + /7o) t 



m a 



8.4 



PaccMOTpHM CHanajia flBH^KCHHe mapHKa bhhs. Ocb x nanpaBHM bhhs. HsMeneHHe 
KHHeTHHecKOH SHcprHH mapHKa 

A— ^ — = mgAx — aV^Ax. 

Ho = mVAV h nojiynacM mV% = mg - aV'^. OTCiofla ^^JJy2 = dx m 







mg — aV^ 2a 
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mg 



3to onpeflejiaeT CKopocTt. mapHKa nepc/i, y^apoM 



max en \^ ' J 

T.K. yflap ynpyrHM, mapHK otckomht c TaKofi >kc CKopocTbio. PaccMOTpHM 
Tenepb fl^BuxeRne Bsepx. Ocb x HanpaBHM BBepx. ByfleM HMeTb 

A ^y'^ A T ^2 A 

A — - — = —mgAx — av Ax. 
Hjih ttlV^ = —{mg + aV"^). OTCiofla BbicoTa noflTDCMa 

J / mg^aV^ Za \ mg 

rioflCTaBjiaa V^aj., OKOHHaTejibHO nojiynaeM 



max 



2a 



2-e 



2aH 



8.5 



SaMCTHM, HTo ^ = rx ^, T.K. ^ X p = V X p = 0. Ho 

dp ^ y ^ egV X f 
dt c c 

CjieflOBaTejibHO, 

— * 

dL eg ^ .-± . 
— = — 5- r X IV X r). 
dt cr-^ 

Hcnojibsyfl f X (V x r) = rW — (f • V)r, nojiynaeM 

— » , • 

dL eg if f ■ f 

dt c \r 

Ho f ■ f = \^{f^) = |^(^^) = TaKHM o6pa30M 

dL eg (f f \ eg d ff\ 
dt c \r r"^ j c dt \rj 

HJIH 

d f f egf\ -> egf - egfo 

— IL = H L = Lo , 

dt \ c rj c r c ro 

rfle Lq h ro ecTb SHaneKHJi MOMCHTa HMnyjibca h paflnyc-BeKTopa b HanajibKbiH 

MOMCHT BpeMCHH. OKOHHaTejIbHO, 

c \r roJ 
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8.6 



CorjiacHO pemeHHio sa^aHH 5.29 h3 [1] 

eScH 



Ei + {e£cty 



EoVo 



OTCiofla 



X 



En 



2e8l ^El + {eSctf eS 



\ 



1 + 



eScV 
. E(\ , 



y 



d{eSct) 



e8c I ^El + [eSctf eSc 

Hs BToporo ypaBHeHHa 

e£ct ^ eScy 
= sn 



EqVq - e^ct 
arcsn- 



E, 







noflCTaBHM B nepBOM: 



En 



X = 



ch 



eScy 

EqVq 



3to h ecTb ypaBHeHHe TpaexTopHH. 



KoHTpojibHaa paSoxa 9 



9.1 

riycTb nopiiiHH c/i,BHiiyjiHCL cnpaBa iia x. (36'l.cm B03/i,yxa Me>Kfly nopniHflMH 
CTaneT V' = V — Six + S2X = V — (Si — S2)x, a flaBjieHHe 



P 



P 



V 1 - ^Si - S2)x 
Bo3Bpaiii,aK)iii,a5i CHjia 6yfleT 



F = Sip' + S2P - Sip - S2P' = [Si - S2){p' -p)^^{Si- S2fx. 

CjieflOBaTejibHO, 94)4)eKTHBHbiii K094)4)HLi,HeHT jKecTKOCTH k = y{Si — 5*2)^ H 
nacTOTa 



CJ = 



\ 



k 

m 



I P 
mV 



iSi-S2). 
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9.2 



B npeflejie 6ecK0HeMH0 jierKoft crnGaeMOCTH KanaTa, Me>Kfly MacT5iMH AB h BC 
Hex ynpyroro B3aHMOfleHCTBH5i. 

c 

A 



3b 



no9TOMy, nocjie OKOHMaHHfl nepBOHaMajibHoro HMnyjibca chjim, KOTopbiii coo6iii,aeT 
BepxHeft nojiOBHHe CKopocTb V, b tomkc A CHjia HaT5i>KeHH5i HCMesneT [AB 
noKOHTC5i H CO CTopoHbi BC Ha Hero He fleftcTByeT CHjia. IlosTOMy h b tohkc 
A He MOJKCT fleiicTBOBaTb na AB HHKaKa5i CHjia). 3to oana^aeT, hto HMnyjibc 
Kanaxa coxpaH5ieTC5i. Ecjih C otctoht ot KOHLi,a TpyGxH na x, to AB = ^(L + 
x) (sTO cjieflycT h3 L = a: + 2BC). IlosTOMy CKopocTb tohkh narnGa 2- 
paaa MCHbrne, mcm x h Kor^a ona pabna w, BepxHsa nojiOBHHa flBH>KeTC5i co 
CKopocTbK) 2u. CjieflOBaTCjibHO, ^{L — x)^2u = ^ Vq. OTCiofla x = (l — L 




riycTb TCJio CMCCTHjiocb Ha X. HoBaa fljiHHa npyjKHHbi 



I = \/h'^ + {xq + xy ^ ylQ + 2xox = / 



X I X 

1 + 2 cos ao — ~ /q 1 + cos ao — 
'o V 'o. 



T.K. a: <C H xo = /ocostto- Cnjia HaT5i>KeHH5i npy:>KHHbi F = /cA/ = 
— /q) ~ /ccosaox. Ee HpoeKu,H5i na ropnaoHTajibHoe nanpaBjieHHe F^ = 

F cos OL'^k COS^ ao X. CjieflOBaTejIbHO, 94)4)eKTHBHbIH K094)4)HLI,HeHT >KeCTKOCTH 
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fljifl ropH30HTajibHoro HanpasjieHHa ^g^j^^j) = k cos^ ao h nacTOTa 



'94)4) 



m 



\ 



k 

— cosao- 

m 



9.4 

riepHOfl flBH>KeHH5I 



X2 

T = V2m J - 

Xi 



dx 



= 2V2m-— I ^JE - U{x) dx. 



- U{x) dE 



HsMeHeHHe nepnofla 



d 



AT = 2V2m—-AI, 
oE 



rfle 



X2 



AI= J VE-U -6Udx- J ^E-U{x) dx. 

xi+6xi ^1 



Ho 



\/E-U -5U ^^/E-U\\- 



6U 



2{E - U) 



X2+5X2 



X2 



VE-Udx - / VE-U dx ^ 0, 



Xi+Sxi 



Xl 



TaK KaK 



X2 + SX2 



Xl 



J VE-Udx H J VE-Udx 

^2 Xi+Sxi 

BejIHHHHbl BTOpOrO HOpilflKa MajIOCTH (b6jih3h tohck noBopoTa yjE — U 0). 
CjieflOBaTejibHO, 



1? ^ 
AI — - / dx 



X2 



2l 



x'^dx 



8 4, . I ^ muj'^x'^ 



riocjie noflCTanoBKH y = y^f^a:, 6yfleM HMCTb 
AI ^ 



V2 



PE' j y'dy _ 2pE' j y^dy 
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EcjiH cflejiaTb eiii,e Oflny noflCTanoBKy y = sin^, nojiy^HM 



.2 V2 



Ho 



riosTOMy 



A/ 



muj'-' 



sin^ ^ = -(1- cos 2^)2 = - 
4^ ^ 4 



1 



1-2COS 2^ + -(1 + cos 4^) 
2 



7r/2 


7r/2 


1 co^2ede 


= / 








7r/2 


TT 1 


/ sin^^d^ = 







2 4 



. 2 16 



A/ 



mo;" 



Torfla 



T.e. HOBbiii nepHOfl 



AT = 2V2m^A/- ^ 



^ _ 27r 37r;5£; 27r 



2mijO^ 



u 2mjjj^ LJ 
rionpaBKa Majia, ecjiH <C 1. 



V 4ma;4y 



9.5 

riycTb 9HeprH5i 4)0T0Ha E. T.k. nocjic pcaKii,HH npo/i,yKTL.i noK05iTC5i, HMnyjibC 
sjieKTpoiia no BCjiHHHHe paBeii HMnyjibcy cjjOTOHa E (nojio>KHjiH c = 1), a 
9HcprH5i sjieKTpona Ee = V m? + E"^, r^e m - Macca sjiexTpona. 3aK0H coxpaneHHa 
sneprHH flaeT E + V + E'^ = 3m. OTCiofla (BoccTanoBHjiH c) 

^ 4 . 
3 
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KoHTpojibHaa paSoxa 10 



10.1 

riycTb CMecTHjiH H3 nojio>KeHH5i paBH0BecH5i na CD = X. T.K. AE = I H 
ED = yfljiHHeHHe hhth 6yfleT 



A/ = 2 



X. 



Bo3Bpaiii,aioiii,a5i CHjia 6yfleT F = 2rcos(a + Aa) — mg, r^e a + Aa = lECB, 
T = kAl = k{l + VSx).B nojio>KeHHe paBHOBecHfl 2A;/cos30° = mg. IloaTOMy 



k = 



mg 



mg 



2/ cos 30° V3/ 



H T = 



mg 

737 



(/ + V3 



2 ^ I 



/^ajiee, 

cos (a + Aa] 

riosTOMy B03Bpaiii,aK)iii,a5i CHjia paBHa 
mg 



V3 + 2f 1 



1 + 



\/3 X 

1 ■ 

2 4/ 



F = 2 



2mr/ /V3,^7 



7mg 
mq = — 

2x/3/ 



CjieflOBaTejIbHO, 94)4)eKTHBHbIH K094)4)HLI,HeHT >KeCTKOCTH 



Img 



"3** 2x/3/ 
H MacTOTa Majibix KOjieGaHHii paBHa 



\ 



^3(|)(|) _ 



m 



_J9_ 
^2^3/' 
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10.2 



riepeflaHHaji SHeprna E = ^\z\'^, r^e 



z = 



m 



f _t 



—iwt' jj-i 



dt , t — ^ oo. 



-oo 



Ho |e*'^*| = 1, no9TOMy 



|2 = 



00 



-oo 



Ho 



A/2 



/2 



+ = ^ + 2ia; - - + 



f r fiujT\'^ fiuT\'^ ( t' 



T 2 



2 9 2 

+ ^— . 



HosTOMy 



— 00 



dt = e 4 e ^-^^ ' dt = re * e dz = y/n re 4 . 
—00 —00 

CjieflOBaTejibHO, nepeflaeTca 9HeprH5i 

E(t) = — ^T^e-—. 

HaftfleM MaKCHMyM c|3yHKii,HH f{x) = xe^^^. f'{x) = e^"^ — axe^"'^ = flaeT 
X = -. CjieflOBaTejibHO, MaKCHMajibHO 9(|)4)eKTHBHO 3HeprHii nepeflaeTca npn 



r = ^ H E^aa; = — ^ ^ e 
a;^ 2m 



10.3 

YpaBHeHHe flBH:>KeHH5i 

2 « . 

a; + a; a; H x = 

m m 

06o3HaHHM — = 2p. Haflo pcniHTL ypaBHCHHe 



mcu'^ e 



X + 2(3x + uj X = 



F(t) 



m 
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riycTb z = X + Xix H nofl6epeM A2 Tax, HTo6t.i 6e.ijto i + X2Z = x + 2Px + u'^x. 
Ho i + X2Z = X + Xix + X2X + A1A2 X. T.e. 

2/3 = Ai + A2 
CJ^ = A1A2 

H Ai, A2 ecTb pemeHHfl ypaBHeHHfl A^ — 2/3A + cj^ = 0. T.e. 



ByflCM npeflnojiaraTb, mto > /3, T.e. TpeHne MajieHbKoe. IlycTb Ai = /? + zf^ 
H A2 = — Torfla z = i + /5a: + iflx h ypaBHeHne 6yfleT 



i + (/? - iQ)z = 



m 



PemeHHe OflHopoflHoro ypaBHeHHfl nponopLi,HOHajibHO e IloaTOMy BOSbMeM 

z = A(t)e~^^~^^^* . A(t) nojiy^HM ypaBnenHe 

A{t) = l^e^P-^^^^K 



OKOHHaTejibHO 



m 



z = e 



m 



10.4 




riycTb M - Macca necoHHbix MacoB (BKjiiOHafi necoK). riojiojKeHHe Li,eHTpa Mace 
onpefleji5ieTC5i ypaBnenHeM 

yi{t) y2{t) 
My^_M.= j ypS{y)dy+ J ypS{y)dy + C, 
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rfle h - BBicoTa ysKoro MCCTa nacoB, p - njroTHOCTt. nccKa, S(y) ccTt. noncpcHHoe 
ce^eHHe nacoB na BbicoTe y n C cootbctctbyct BKjTa/i,y b M?/j]_.m. ot Kapxaca 
necoHiiMx nacoB h ot toh ^lacTH nccKa, KOTopa5i b nojieTe. T.k. hotok CTai^HOHapHbiii, 

C He SaBHCHT OT BpeMCHH. SaMeTHM, HTO 

^ fit) ^ [fit+At) fit) 

— j F{x)dx = '^m.^— j F{x)dx — j F[x)dx 



f{t)+f{t)At 

= iroA7 / n^)dx = nt)F[fit)i 

m 



T.K. 



a+Aa 



fit + At) pa fit) + f\t)/^t H j F{x)dx « F{a)Aa. 

a 

riosTOMy 6yfleM HMCTb 

My^,M. = p [yiyiS{yi) + y2y2S{y2)] ■ 

EcjiH noTOK necKa paneH to // = pS{yi) yi = —pS{y2) 1)2, t.k. pS{yi)Ayi = 
pS{y2){—Ay2) ecTb KOjinnecTBO necKa, KOTopoe nepeHOCHTCJi h3 BepxHeft nojiOBHHbi 
B HH5KHIOIO 3a BpeM5i At. CjieflOBaTejibHO, Myi^.M. = pivi — y2)- B HaHajibHbiii 
MOMCHT BpeMCHH ^i^.M. = "m"^' ^ ~ ^bicoTa HacoB (BcpHee, BbicoTa Bepxnero 
ypoBHa necKa npn t = 0). 9Ty CKopocTb Li,eHTp Mace npnoGpeTaeT b HanajibKbiH 
nepHOfl yeTaHOBjieHHfl eTaLi,HOHapHoro noTOKa. ^H4)4)epeHLi,Hpy5i eme pas, HMeeM 

My^.M. = pirn -2/2)- Ho 

P 



yi 



p 

pSiyi) 



CjieflOBaTejibHO, 



My^.M. = — 
P 



H y2 



1 



pSiy2 



1 



> 0. 



S{yi) S{y2] 

T.e. ycKopcHHC nanpaBjiCHO BBcpx, neeMOTp^i na to hto ncHTp Mace onycKacTea 
BHH3. C flpyroii eTopoHbi, Mi/xj^.M. = F — Mg, r^e F - noKasaime BeeoB. 
riosTOMy F > Mg Beer^a, noKa eymeeTByeT eTaLi,HOHapHbiii botok neexa. 



10.5 



3HeprH5i E = mc^j + ^mco'^x'^ eoxpaHseTeji. B HaHajibHbift MOMeHT x = A 



H 



7 = 1, nosTOMy E = mc^ + ^mu'^A^. CjieflOBaTejibHO 



mc 



2c2 2c2 
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riepHOfl K0Jie6aHHH 



^ dx 4 ^ dx 



^ ^ f ax ^ r 



V cJ P 



Ro (3 = Jl 



T 7 



CjieflOBaTejibHO, 



A 



T = - 



7 



dx = 



8c d 



A 



'^dA^ 



7^ — 1 dx. 



T.K. 



TO 



y = ^iA^-x^)<€.l, 



riosTOMy T = To + Ti , r^e 



8c d ^ u 



I \ '^{A^ — x'^) dx = — -—77 / V A"^ — x"^ dx 
i \ uj dA^l 



A 



dA^ 



CflejiaeM noflCTaHOBKy x = AsiiK/?. Tor^a 



A^ 





H Tn = ^. 



^ \J — x^ dx = J A^ cos^ ifdif = — / (I + cos 2ip) dip = 



ttA^ 



LJ 



d 



A 



c2 dA^ 



A^ - x^f'^dx = 



uj d 



c2 dA^ 



A I cos ifdif 



Ho 



cos if 



I l2 1 

-(1 + COS 2if) 



1 



1 + 2 cos 2(/? + -(1 + cos 4(/?) 



? 4 ^ 1 1\ 3 

/ COS ipdif=— + = — TT. 



^ajiee, 



dA_ 
dA 



2 4 



= 2^2 H Ti = 



2; 16 

Stt cjA'^ 
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OKOHHaTeJIbHO, 



T = 



27r 



(jj 



1 + 



16 c2 



SaMe^aHHe: 





Ho BTopoii HJieH sanyjifleTca, t.k. 7(2;, A) = 1 npn a: = A. 



KoHTpojibHaa paSoxa 11 
11.1 

riyCTb Xi H X2 CMCII1,CHH5I LUapHKOB H3 nOJIO>KeHH5I paBII0BCCH5I (t. K. KOJIc6aiIH5I 

MajieHbKHe, BepTHKajibHbiMH CMcmciiH^iMH npeHe6pcracM). ypaBHeHHfl flBH^KCima 
6yflyT mxi = —mu'^xi + k{x2 — xi) h mi2 = —mu'^X2 — k{x2 — xi) hjih 

X\ + (u"^ + m) ^1 ~ m^2, ^2 + {^"^ + ^) 3^2 = ^^1- BbO;1,5I HOBbIC nCpeMeHHbie 

X = + ,T2 H x = xi — a:2, nojiynaeM X + cj^X = h x + (u;^ + 2^) x = 0. B 

HanaJIbKblH MOMCHT BpeMeHH Xl{0) = ^, X2(0) =0, Xl = X2 = 0. T.e. X(0) = 

x{0) = AiiXo = xo = 0. UosTOMj X{t) = Acosutiix{t) = Acos^u^ + 2^t. 
Ho xi{t) = (X + x)/2, = (X — a;)/2. CjieflOBaTejibHo, 



COS Ut + COS 



a;2 + 2— t 



cos cut — cos 



m 



Ho 



uj^ + 2 — « a; H 

m mo; 



a + a-/? . a + . i5-a 

cos q; + cos (3 = 2 cos — - — cos — - — , cos a — cos p = 2 sm — - — sm — - — . 



HosTOMy 



xi{t) Acosut cos J^^ , X2{t) = Asinut sin 



2muj 



2muj 
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9to noKasbiBaeT, mto Korfla 2^ = f , KOjie6aHH5i nepsoro mapHKa saTyxaiOT, a 
KOjie6aHH5i BToporo MaKCHMajibHbi. CjieflOBaTejibHO, Mepes BpeM5i 

t = —— = T- 



k 2k 



KOJie6aHH5i nojiHOCTbio nepeftflyx ko BTopoMy Ma5iTHHKy. Sflecb T = ^ ecTb 
nepHOfl K0Jie6aHHH, Korfla mapHKH ne CBflsanbi. 

11.2 

riepeiifleM k Li,HjiHHflpHMecKHM KOopflHHaTaM. Tor^a V'^ = + p^Lp^ + h 
xy — yx = p cos ip {p sin (p + pip cos (p) — p sin (p {p cos (p — pip sin (p) = p^ip. 
no9TOMy 

H o6o6iii,eHHbiH HMnyjibc, cooTBeTCTByiomHii KOopflHHaTe Lp^ 6yfleT 

dC 2 2 

§ Pip dip aflHa6aTHHecKHH HHBapnaHT. Ho Korfla sjiexTpoH Bpaiii,aeTC5i b MarHHTHOM 
nojie 5, ero yrjiOBa5i CKopocTb u = ip onpefleji5ieTC5i h3 mu'^p = ^ VB = ^cop. 
T.e. (f = riosTOMy 



CjieflOBaTejibHO, npoHSBefleHne Bp^ 5iBjiiieTC5i HHBapnaHTOM h Korfla nojie yBejiHMHTC5i 
b flBa pasa, paflnyc opGnTbi ajiexTpona yMeHbmHTC5i ■\/2 paaa. SaMexHM, mto 

HHBapHaHTHOCTb p^ B OSHa^aeT, MTO HOTOK MarHHTHOft HHflyKLI,HH CKBOSb op6HTy 

3jieKTpoHa 5iBji5ieTC5i aflHa6aTHMecKHM HHBapnaHTOM. 
11.3 




Ha KOjibLi,o fleiicTByeT Kax CHjia npHT5i>KeHH5i mg^ Tax h CHjia peaKLi,HH N . 
HosTOMy CHjia TpeHH5i F = p^J N'^ + m'^g'^. Ho N coo6iii,aeT KOjibLi,y Li,eHTpocTpeMHTejibHO 
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ycKopeHHe. IlosTOMy mV'^ / R = N n 



F = fimg 



1 + 



y4 



CjieflOBaTejibHO, CKopocTb KOJibLi,a yMenbinaeTCii no saKony 

dV 



m- 



dt 



F = —fimg^ 



H KOJIbLI,0 0CTaH0BHTC5I MCpeS BpCMfl 



T 



1 







OKOHHaTejIbHO 



dV 



1 + 




fig 



y4 



\ ^ + gm^ 



\ _l_ 



lOg'^K^ 



^0 



11.4 




PaccMOTpHM npoLi,ecc TenjiOBoro pacniHpeHHfl CBHHLi,OBoro JiHCTa. nycTb npn 

3T0M TOHKa C Ha paCT05IHHH X OT BepXHCrO Kpafl HenOflBH>KHa OTHOCHTejIBHO 

KpbiniH. Torfla ynacTOK AC npn pacmnpeKHH flBH>KeTC5i BBepx, a ynacTOK CB 
BHH3. 3to onpefleji5ieT HanpaBjieHHe chji TpeHH5i fleficTByiomHx Ha hhx. Tax 
KaK ycKopeHH5i u,eHTp Mace AC CB onenb MajienbKHe, mo>kho CHHxaTb, hto 
fleficTByiomHe Ha hhx chjibi ypaBHOBemenbi. J\ji5{ AC sto ^aeT ypaBHenne 

m . m m r^ 

— sm (p + fi—xg cos (p — 1 =0, 
rfle T ecTb CHjia c KOTopoft CB fleftcTBycT na AC . AnajiorHnno flji5i CB 6yfleM 

HMCTb 

Tfl TTL 

— (/ — x)g sin cp — fi—{l — x)g cos + T = 0. 

1/ t 
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CKjiaflt.iBa5i 3TH ypaBHeHH5i, nojiy^aeM 



OTCiofla 



-Ig sinif — 11— {I — 2x)gcos(f = 0. 



2 V fi J 

ecjiH TeMnepaTypa yBejiHMHBaeTCH na At, fljinna JiHCTa CTaneT /' = (1 -^aAt)l. 



2-" 



ripH 9T0M ero Li,eHTp Mace CMecTHTC5i, KaK noKasbiBaeT pHcynoK. CMemenHe 
paBHO A = (I — x') — (I — x), rfle = | f 1 — CjieflOBaTejibHO, 



2/i ^ ^ 2/i 

Korfla TeMnepaTypa noHH>KaeTC5i, ynacTOK AC flBH>KeTC5i bhh3, a ynacTOK CB 
BBepx. riosTOMy ypaBHeHH5i 6yflyT (mm HcnojibsyeM Te >Ke caMne o6o3HaMeHH5i 
X rT, X0T5I MHCjieHHO OHH MoryT 6biTb flpyrHMn): 

m m m, m 

— xg sm (p — fi—xg cos if + T = h —{I — x) g sm cp + fi—[l — x) g cos cp — T = 0. 

6 6 6 6 

OTCiofla ^ = 1 + ^ H x = 4 ( 1 + ^ ) . CMemeHHe Li,eHTpa Mace bhh3 6yfleT 



A'=(x-^]- ix' -'-]='^{l-l') = aAtl'-^ = A. 
\ 2) \ 2/ 2/i ^ ' 2fi 

CjieflOBaTCJibHO, sa oflHH cyTKH Li,eHTp Mace CMeiii,aeTC5i bhh3 na 

2A = a/A^^. 

/i 

3a N cyTOK CMemenHe cocTaBHT 



aNl At 



/i 
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11.5 



3HeprH5i H HMnyjibc noflcncTeMbi (i^rj) onpefleji5iK)TC5i h3 saKOHOB coxpaHeHH5i 
3HeprHH H HMnyjibca npn pacnafle (tt'tt^) + (i^rT) h pasHbi E = ^ 



2 ' 

V 



p = \l E'^ — (^) = ^rrir (nojio^KHjiH c = 1). ^ajibine paccMOTpHM "pacnafl' 

^ z/^ + 7. C y^eTOM {p^^ - p^f = pi = 0^ pl^ = ml^ = pi = 
Pv-y • P-y = EE^ — p- P-y = E^{E — p COS 6) , nojiyMacM 



~9 



2E^{E -pcose) = 0. 



riosTOMy 



^ 18(£;-j3COS^) 



H, TaK KaK E'^ — p^ = ml^ = \ml, 



E^ 



m: 



1 



CjieflOBaTejibHO (BoccTanoEHjiH c 



m: 



18{E-p) 2 




KoHTpojibHaa paSoxa 12 
12.1 



riycTb KOCMHMecKHii annapax naxoflHTbCfl na paccT05iHHH r ot Li,eHTpa Scmjih h 
ero CKopocTb ycocTaBJiHeT yroji ip c nanpaBJienHeM na Li,eHTp. Annapax ynaflCT 
Ha SeMjiio, ecjiH = ^ Rt R paflHyc Scmjih. Ho 



1 + 



2EL2 



1 + 



2Ep 



a 
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no9TOMy nojiy^aeM 



Hjih 



y^TeM sflecb 



6yfleM HMCTb 



^ mV'^ a L? mV'^ o 2 

h/ = n p = = sm if r , 

2 r ma a 



my2(^sinV-l <2^(r-i?). 



3to HepaBencTBO 6yfleT y^OBJieTBopaTbca npn jik)6om SHaMeHHH V, tojibko ecjiH 

2 

sin^ ^ — 1 < 0, HJIH sin < — . 
-R it 

T.e. BCKTop CKopocTH annapaTa flOji:aceH jie:acaTb BHyTpn TejiecHoro yrjia, c 

KOTopbiM SeMjia BHflHa H3 annapaTa. 

12.2 

Hs nepaBencTB 



H L = mr'^Lp, nojiynaeM 



Ho 



riosTOMy 



E _ 1 fdr)^ 1 t/(r) 
1 fdrX^ _ /dsV^ _ 1 



L2 



2m 



HoflCTaBjiaa 3flecb 



s = - [1 + ecos , 



nojiynaeM 



2mp^ 2mr'' mp r 
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12.3 




YrOJI OTCMHTblBaeM OT OCH X. IlpH flBH>KeHHH paKCTbl 9? < 0, n09T0My B 

KanecTBe BCKTopa FaMMjibTOHa 6epeM 

u= V + —e^. 

Li 

Sflecb OL = GmM (Tax o6o3HaMHjiH, t.k. a y Hac o6o3HaMaeT yroji). CoxpaHeHne 
ero a:-npoeKLi,HH flaeT 

a 

V cos a — — = —V cos p 

(na nojiioce h na SKBaxope BejiHMHHa CKopocTH paKexbi 6yfleT oflHO h ttokc, h3 
coxpaHeHH5i 9HeprHH). CoxpaHeHne ?/-npoeKLi,HH flaeT 

y sin a = y — y sin /5. 

1j 



C jieflOBaTejibHO , 



■ n ^ n 

sm a + sm p = — — = cos a + cos p. 

V Li 



a + a — /5 a + a — (3 

2 sm cos = 2 cos cos . 

2 2 2 2 

OTCiofla tg = 1,h/?=| — a. Torfla 

. n ■ a a 

sm a + sm p = sm a + cos o; = 



VL mV^R cos a 
C jieflOBaTejibHO , 



mR cos a (cos a + sin a) 
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MHHHMajibHa, Korfla MaKCHMajibna cos a (cos a + sin a). Ho 
d 



da 



[cos a (cos a + sin a)] = —2 cos a sin a + cos 2a = cos 2a — sin 2a = 



flaeT tg2a = 1 R a = ^. CjieflOBaTejibHO, onTHMajibHbiii yroji aanycKa paKCTbi 



cocTaBjiaeT o. 



12.4 

MoMCHT HMnyjibca L = mr'^cp. Ho ^r'^dip ecTb njiomaflb ceKTopa OAB. CjieflosaTejibHO, 
^ / r'^dif = ^ I dt osHa^aeT, mto ^ =njioiii,aflb sjijinnca — 7ra6, r^e T- nepnofl 
o6paiii,eHH5i. 




Ho H3 e = ~ cjieflyeT, mto 



b = aVl — = 



a 



ma' 



ma 



T.K. 



1 + TT H E 



Ho3TOMy nojiy^aeM 



ma' 



m ^ 
T = 2tt\ — a yja. 
V a 



a 

2^' 



HpH paccMOTpeHHH saflaMH flbyx tcji (CojiHLi,e c Maccoii M h njianeTa c Maccoii 
m), B npeflbiflymHx {|)opMyjiax mm flOji^KHbi cflejiaTb saMeny m ^ ji = 



a = GmM . HosTOMy 6yfleM HMexb 

T = 2tt. 

CjieflOBaTejibHO, 



raM 
m+M 



a 



\ G{m + M) 



a. 



Tf _m2 + M al 
7f ~ mi + M of' 
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TpeTHH saKOH Kenjiepa 



Tl 



nojiyMHTca, TOJibKO ecjiH npeneGpeHb MaccaMH njianeT no cpaBHeHHio c Maccoii 
CojiHLi,a. 



12.5 

TaK KaK 



a 



E = = 

2a 



a 



^min ^~ ^max 



3HeprHH CnyTHHKOB paBHbl 

a mVi 



Ei = 



a a 

— H -C/O = ^ 

2 R 8R 



2R 2 i? " ' SR 2 

rflc Vi H V2 Hx CKopocTH B nepHree h a = GmM. OTCiofla 



a 
R' 



V^ = 



I a 
mR 



n Vo = 



7a 
\ 4mR' 



Ha coxpaHeHHfl HMnyjibca 2mV = mVi+mV2, HaxoflHM CKopocTb nocjie CTbiKOBKH 

V7 + 2 



I a 
mR 



riosTOMy nojiHaa SHeprna nocjie CTbiKOBKH 6yfleT 

2mV^ 2a {^/^ + 2f a 2a 21 - 4^/7 a 



E = 



C flpyroH CTopoHbi 



R 



E = 



IQ R R 
2a 



16 R' 



R + r 

rfle r hobbih anoreft. IlosTOMy nojiynaeM 

343 + 128^7 



11 + 4^7 ^ 

r = 1= R 

21-4^/7 



329 



R ^ 2.07R. 



12.6 

IlpH KpyrOBOM flBH^KeHHH 



dp 
dr 



pA(p pV 
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rioSTOMy flOJIJKHO 6t.ITb 



pV 



dU 



dr 



r=R 



a(3 



Ho L = pR (npH KpyroBOM flBH^KeHHH). CjieflOBaTejibHO, 

LV a (3 a (3 

VL V = 



OrpaHHHeHHe na L BOSHHKaeT, ecjiH (3 = \. Tor^a j^ = V < c ^aeT 

a 

L> -. 

c 

EcjiH P ^ 1, KpyroBbie opGnTbi B03Mo:acHbi fljiJi Bcex SHaneHHii MOMCHTa HMnyjibca. 



EcjiH f3 = 1, paflHyc KpyroBoii opGnTbi naxoflHTCfl Tax: h3 ^ 



i?2 



HMeeM 



-L ^9 



rioflCTaBjiaa ciofla V = j, 6yfleM HMCTb 



ma 



a' 



KoHTpojibHaa paSoxa 13 



13.1 

Cnjia, KOTopaji fleftcTByeT Ha sjieKTpoH, paBHa (b CHCTeMe CGSE) 



-> e ^ eq ^ ^ 

F = - V X B = xf. 
c cr"^ 



HsMeHeHHe HMnyjibca 



V xr 



dt. 



— oo — oo 

Tax KaK sjieKTpoH GbiCTpbiii, npn BbiMHCjieHHH HHTerpajia mo>kho CMHTaTb, mto 

SjreKTpOH flBH>KeTC5I no npflMOH C HeHSMeHHOH CKOpOCTbK). 

Torfla r = p-\- Vt u V x f = V x p. KpoMe Toro, r = ^/ + VH^. IlosTOMy 



dt 



egV X p 



t 



Ap^—VXpj (p2 + y2^2)3/2 - c p2 + y'^fl 



oo 



-00 



2egV X p 
c • 
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• — ► 



vt 




HMnyjibc sjieKTpoHa nocjie pacce5iHH5i q = p + Ap, npn^eM q ^ p^ Tax xaK 
_L p. riycTb 6 - yroji pacce5iHH5i. Tor^a 

2eg 



\qxp\=p sin 6 = \ Ap x p\ 



cVp' 



\px{V X p)\. 



Ho px{y X p) = V {p- p) — p{p- V) = —ppV, TaK KaK pJ^pupHV. IloaTOMy 
nojiy^aeM 

p smU ^ ppV H t^«sint^~' 



cVp' 



cpp 



13.2 

TaK KaK MOMCHT HMnyjibca L = mr'^\ip\, to sneprHa MacTHLi,bi 



777 



7777'^ 



2mr^ 



OTCIOfla ( flJI5I 7- < 0) 

(it = 



— [E-U{r 



m 

L 



-1/2 



(ir. 



C flpyroH CTopoHbi, h3 = nojiy^aeM ( saivieTHM, mto (^3 > h |(^| 



TaK KaK E = T 



2mr- 



dr 



oo 



i2 



dr 



1 _ p! _ CM 



H L = mpVoo- 
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3to cnpaBefljiHBO fljia jiK)6oro Li,eHTpajibHoro noTeHLi,Hajia. B cjiynae U{r) = ^ 
6yfleM HMCTb 




Yroji pacceiiHH5i 9 lpq CBiisanbi Tax = 71 — 2(pQ. IlosTOMy 



EcjiH ^ = f , npHLi,ejibHbiH napaMCTp 6yfleT onpefleji5iTbC5i h3 

P _ 1 

OTCiofla = H ce^eHHe pacceaiiHa iia yroji, GojibniHii 90°, 6yfleT 

2 QfTT 

^ 3T 

13.3 

Ha CHMMexpHH aafla^H acho, mto SBesflbi Bcerfla 6yflyT b BepniHHax neKOToporo 
KBaflpaTa. IlycTb paccT05iHHe ot SBesfl flo Li,eHTpa 9Toro KBaflpaTa paBHO r. 
Torfla CTopoHa KBa;:i,paTa 6yfleT a = \/2r. Cnjia npHT5i:«;eHH5i, fleiicTByioinaa 



9 = Tl 



TTp 



TT 



T 
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Ha SBesfly co CTopoHbi flpyrnx SBesfl, HanpasjieHa k Li,eHTpy h no BejiHHHHe 
paBHa 



F = G 



2rl 



+ 2G^cos45° = 



To ecTb MO>KHO CMHTaTb, MTO Ka>Kfla5i 3Be3fla flBH>KeTC5i B Li,eHTpajibHOM nojie 

npHT5I>KeHH5I 



a 



U{r) = , a = GM' 



I + 2V2 



r 4 
c Li,eHTpoM B Li,eHTpe nepBOHaMajibHoro KBaflpaTa. Ilo 4)opMyjie Pe3ep{J)opfla 

e _ a 

HaxoflHM yroji pacce5iHH5i SBesfl 

9 = 2 arctan 

13.4 



GM 1 + 2x/2' 
4 



^OKaJKCM, MTO B OnTHMajIBHOH CHTyaLI,HH LI,eHTp T5I>KeCTH JII060H BepXHeft MaCTH 
KOHCTpyKLI,HH HaX0flHTC5I Ha OflHOH BCpTHKajIH C HpaBblM KpaCM HJiaCTHHbl, Ha 

KOTopoii ona 0HHpaeTC5i. 





a / 










.D • 


b 







riycTb 9T0 He Tax h Li,eHTp T5i>KecTH G BepxHefi HacTH a HaxoflHTca jienee 
Kpafl HJiacTHHbi b. Torfla nacTb a mo^kho cflBHHyTb Bnpano CKa>KeM na a; h 
ona Bce paBHO ycToiiHHBO 6yfleT onnpaTbCH na HjiacTHHy b. IlpH stom u,eHTp 
T5i>KecTH D CHCTeMbi 6 + a Tome cflBHHeTC5i BHpaBO, HO Ha MeHbmyio BejinnHny 
y = irM—x, rfle M - Macca nacTH a h m - Macca HjiacTHHbi. Ecjih Tenepb 
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CHCTeMy 6 + a cflBHneM Bjieso na ee Li,eHTp Mace D 0Ka>KeTC5i b npe^Kneft 
TOMKe H 6 + a 6yfleT CHOBa ycToft^HBO onHpaTbca na hh>khk)io ^acTb c. Ilocjie 
9THX MaHHnyji5iLi,HH npojiCT yBejiHMHTC5i Ra X — y = ji^x. 3to flOKasbiBaeT 
cflejiaHHoe yTBep>KfleHHe. CjieflOBaTejibHO, MaKCHMajibHbiii npojieT L„ yflOBjieTBopaeT 
peKyppeHTHOMy cooTHomenHio L„ = S^-i + L^-i, r^e Sn-i ecTb paccT05iHHe 
no ropHSOHTajiH ot npaBoro HHJKnero Kpaa BepxHeii KOHCTpyKLi,HH h3 (n — 1) 
njiacTHH flo ee Li,eHTpa Mace ( cm. pncyHOK ). 



1 

1 — ^ 1 


f 1 

1 






1 






1 

k T ^ 





C flpyroH CTopoHbi, fljiH Li,eHTpa Mace KOHCTpyKLi,HH h3 n njiacTHH, Korfla Li,eHTp 
Mace BepxHeii MaeTH h3 (n — 1) njiacTHH npoxoflHT Mepes npaBbifi Kpaii HH^KHeii 
njiaeTHHbi, hmccm 

^ m a a 1 

" m + (n — l)m 2 2 n 

rioBTOMy 

Ln = 'S'yi-l + = Sn-1 + 5'^-2 + Ln-2 = ■ ■ ■ = Sn-1 + 'S'„_2 + • • • + ^S*! = 

a f 11 1 \ a , 

= -H \ h...H « - In n 

2V 2 3 n-U 2 

npH n ^ 1. Torfla = 3a flaeT lnn = 6Hn = e^« 400. 
13.5 



A 
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HpH paBHOBeCHH LI,eHTp T5I>KeCTH CHCTeMbI HaXOflHTCfl Ha OflHOH BepTHKajIH c 

TOHKoft noflBeca A. IlycTb npiiMaa AO oGpasyeT yroji (p c BepTHKajibio h Hanajio 

CHCTeMbI OTCHCTa HaX0flHTC5I B TOHKC A. Topfla B paBHOBeCHH 

= x^,M. = p ^ ^ [-QI sin ip + P{R - I sin ip)] 

(Li,eHTp mapa HaxoflHTC5i bjicbo ot BepTHKajiH na paccT05iHHH / sin ip h rHp5i 
HaxoflHTCfl BnpaBO ot BepTHKajiH na paccT05iHHH R — I simp). CjieflOBaTejibHO, 
PR= {Q + P)lsm(p H 

R P 

KoHTpojibHaa paSoxa 14 
14.1 




SaMeHHM KanaT na CHCTCMy rpysHKOB Maccbi ^ Ka>KflbiH h neBecoMbix 



N 

npy:«;HH fljiHHbi Ka»:flbiH. }KecTKOCTb MajieHbKoii npy:«;HHKH 6yfleT b N-pas 
6ojibme, MCM :>KecTKOCTb xanaTa (t.k. y Hee fljiHHa b N-pas MeHbine). IlosTOMy 
ypaBHeHHe pfimmeamsi i-ro rpysHKa 6yfleT 



-T^Si = — Nk ( Si — Si-i 
TV N V 



+ Nk{S,+i-S, 



I 



, i<N, 



rfle 5*^ - ero KOopflHHaTa. 9to ypaBHCHHe mo>kho sanncaTb Tax 



S^ = g + 



m 



Si+i Si (^Si Si-i^ 



Hac HHTepecyeT npefleji N ^ oo nosTOMy BBe^eM HenpepbiBHyio nepeMeHHyio 
X Hepes X = ij^ R 6yfleM paccMaTpHBaTb Si Kax 4)yHKLi,HK) x: Si = S{x,t). 
Torfla 

Si-\-\ — 5*^ = S(x ~\~ dXj t) — S(x^ t) = ;r (ix, 

ox 
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rfle dx = j^, n 



— 1 ~ ij(X.t) — O (X — UX. t ) = — CLX. 

OX 

riosTOMy, B npeflejie N ^ oo, Si+i — Si — {Si — Si-i) mo>kho saMenHTb na 

-dSix. t) dSix - dx. t)^ , cPSi:r. t) , , ,0 d'^S P 

^ dx= — ^ ^ {dxy = 



dx dx J^"" dx^ 

H ypaBHeHHe flBH^KenHa nepennmeTca Tax 

d'^Six,t) kP d'^S{x,t) 



9- 



dt^ m dx'^ 

Ho 9T0 fljifl i < N , T.e. X < I. ^Jia nocjieflnero rpysHKa BMecTe c tcjiom M, 
ypaBHeHHe flBH:aceHH5i 6yfleT 

^ M Sn = (m + '^] g - Nk (xN - XN-i ^ ^ 



J\ji^ nepexofla k nenpepbiBHOMy npe^ejiy, saMeTHM hto 



N{XN - XN-i) ^ N[S{1, t) - Sil - dx, t)] ^ N^^^LJ^dx ^ l^^^^' 



dx 

CjieflOBaTejibHO, b HenpepbiBHOM Hpe^ejie HOjiyHHM ypaBnenne 



dx 



d^Sjl.t) 
dt^ 



= 9 



Id 

M 



dSjl.t) 
dl 



1 



KpoMe SToro 6yfleM HMeTb rpannHHoe ycjiOBHe »S'(0,t) = 0, t.k. HeM 6jiH:ace 
TOHKa noflBeca, TeM MeHbine pacT5irHBaeTC5i cooTBeTCTByiomHii ynacTOK KanaTa. 
riycTb S{x,t) = So{x) + A{x) cosLut, rfle So{x) cooTBeTCTByeT nojio^KenHio 
paBHOBecHfl. T.e. 



kP d'^So(x) ^ kl 

m dx"^ M 



dSojl) 
dl 



- 1 



rioflCTaHOBKa S(x,t) b ypaBHeHHfl flBH^KenHa ^aeT 

kP d^A 



H, npH X = I, 



Lu'Ail) = 



m dx'^ ^' 
kl dA{l) 



M dl 



91 



no9TOMy 



A{x) = ai cos 



+ a2 sin 



rfle ai, a2 - neKOTopbie KOHCTanTbi. YcjiOBHe S'(0,t) = ^aeT A(0) = h 
ai = 0. Torfla Kax u^A{l) = ycjiOBne osHanaeT 



o;^ sin 



/m 



kl Pfn 1 
— W — - cos 
MV A; / 



/m 



Hjih 



rm 



1" 



m 
M' 



3to TpaHCueHfleHTHOc ypaBHenHe onpc/i,cjT5icT nacTOTy BepTHKajibHbix K0Jie6aHHii 
Lj. PaccMOTpHM HCCKOjibKO npeflCjibKbix cjiynaeB. Ecjih m ^ 0, 



■utg 



-uo 



m 



k 



H nojiyHHM = j^. EcjiH M ^ 0, TO tg = oo H ~ f + ^™ 



TT 



a; = (2n+ 1) - 



2^ 



-, n = 0,l,2, 
m 



riycTb Tcnepb << 1. Hcnojibsya tgar ?i a: + ^a;^, nojiyHHM 



m 9 1 m 9^ 



m 2 



l-|fa;2 M' 



Pemaa OTHOCHTCjibHO a;^, 6yfleM HMCTb 



1 - 



1 
3 



14.2 

riycTb KOJibLi,o paflHyca r noBepnyjiocb na MajieHbKHii yroji Q. Tor^a oho noflKHMCTca 
Ha BbicoTy 

h = l-^P- rW ^ . 

SaMCTHM, MTO 

• r'^ee rO ■ ■ 
h = —— = —rO « rO, 

L t 
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nosTOMy SHeprHeii nocTynaTejibHoro flBH^KeHHii mo>kho npeneGpeMb no 
cpaBHeHHK) c SHeprneft BpamaTejibHoro flBH:»<;eHH5i ^ = ^r^d'^. riojiHaa SHeprna 

KOJIbLI,a 

riosTOMy = ^ = mr^Q [6 + ^0^ ^aex ypaBHenHe flBH>KeHH5i ^ + = 0. 
CjieflOBaTejibHO, nacTOTa KpyTHjibHbix K0jie6aHHH u = 



14.3 

Hs-sa Li,HJiHHflpHHecKoii CHMMeTpHH, z-KOMnoneHTa yrjiOBoro MOMCHTa Lz = 
mp^ip coxpaHJieTca. SHeprna HacTHLi,bi 



E = — [p +p (f ) + —z + mgz = —(1 + z )p + 

dz 
dp 



m 
2" 



2 + 



rfle = 4^. SneprHa coxpanaeTCfl, nosTOMy 



dE 



mp{l + z'^) + mp^z'z 



2 ^// -^z 



H nojiyHHM ypaBHeHHe flBH>KeHH5i 



m(l + z )p + mp z z 



Amp^ 



+ m^2;' = 0. 



riycTb p = r + X, rfle r paflnyc paBHOBecHoft KpyroBoft opGnTbi, a x 
BOSMymeHHe. Tor^a 



11 

^ = mgz'{r)^ z'{p) z'{r) + z"{r)x, = 



3 17^3 \ 



H, C TOHHOCTbK) flO JIHHeilHblX HO X HJieHOB, ypaBHCHHe flBH>KeHH5I CTaHCT 

(/2/ \\ *• "^2^ 3^ , . 

1 + 2 (r) Ix + ^ — 2 ~:r + "^5'^ V )^ ~ 0- 



Hjih, ecjiH yMTCM = mgz'[r) 



1 + z''^{r)]x + g 



/'(r) + 3 



X = 0. 



EcjiH z"{r) +3^^ > 0, 6yfleM hmctb ocli,hjiji5ili,hh okojio paBHOBecHoft opGnTbi 
c nacTOToii 



a; 



z"ir) + 3 
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EcjiH z"{r) + < 0, BoaMymeHHe x{t) 6yfleT 9KcnoHeHLi,HajibHO pacTH h 

op6HTa He 6yfleT CTaGHjibHoft. Ecjih z"{r) + = 0, BOSMymeHHe 6yfleT 

pacTH jiHHeftHO CO BpeMeneM, h op6HTa ttokc ne 6yfleT CTa6HjibH0H. TaKHM 
o6pa30M, ycjiOBHeM ycTOHMHBoro paBHOBecHfl 5iBji5ieTC5i z"{r) + 3^^ > 0. Hs 



P 



= cjieflyeT, mto zz' = p. T.e. z' = ^. Tor^a 



z = 



z 



pz 



1 

z 



z 



3" 



riosTOMy 



z"(r) + 3- 



z'ir] 



1 



1 1 



r 



^ + 3- = - 4- — 



r z z^ z z \ z^ / 
Ho z > (HHa^e BepTHKajibHoii KOMnoHeHTbi chjibi peaKLi,HH onopbi He 6yfleT). 
CjieflOBaTejibHO, op6HTa ycTOHMHBa, ecjiH 



OTCiofla 3r^ > 4i?^ h 



4> 



r 



z' 



r > 



x/3 



R. 



14.4 



////////////////////////////////////// 



Q Y/////////////////////A 



mg 



CTep>KeHb HaHHCT BpaiII,aTbC5I OTHOCHTejIbHO TOMKH O C yrjIOBbIM ycKopeHHeM 



CJ = 



■mg{l/2) 



rfle /-fljiHHa CTepjKHH, a / 



12 



+ ml 



erO MOMCHT 



OTHOCHTejIbHO O. CjieflOBaTCJibHO, cj = 2 f • Torfla u,eHTp Mace CTep>KH5i 6yfleT 
flBHraTbC5i c jiHHeHHbiM ycKopeHHCM a = Ui^ = jQ. C flpyroH CTopoHbi, a = 



mg- 



CjieflOBaTCjibHO, T = m{g 



a] 



2 

\mg. 



14.5 

Cnjia TpeHHfl F pacKpy^HBacT Li,HjiHHflp c yrjiOBbiM ycKopenneM to = ^ = 

B TOHKC KacaHHfl A CKopocTb paBHa HyjiK). riosTOMy V — cuR = 0, rfle V ecTb 



94 



CKopocTb Li,eHTpa Mace Li,HjiHHflpa. Torfla a = iuR = — • C flpyroii CTopoHbi, 
ma = mg sin a — F. CjieflOBaTejibHO, F = ^mg sin a. Ho CHjia TpenHa ne 
MOJKeT npeBbicHTb MaKCHMajibHoe snaMeHHe iiN = iimg cos a. CjieflOBaTejibHO 
^mg sin a < fimg cos a h ecjiH tga < S^u, Li,HjiHHflp 6yfleT CKaTbiBaTbC5i 6e3 
CK0jib>KeHH5i. Pas Li,HjiHHflp CKaTbiBaeTCfl CO CKOjib^KCHHeM, SHaMHT a > arctg 



CxopocTb mapHKOB b chctcmc Ha6jiioflaTejiii HaxoflHM no {]DopMyjie cjio:>KeHH5i 

CKOpOCTCft: 



SaMCTHM, MTO Pi P2 7^ 2'mV'jv = Qi + Q2 ^ cyMMa HMnyjibcoB mapHKOB pp 
paapbiBa Li,enH. ^ejio b tom, mto OKaxaa npyjKHna hmcct ynpyryio sneprHio 
noK05i E H, cjieflOBaTCjibHO, Maccy M = ^. E HaxoflHM h3 saxoHa coxpaHCHHii 

3HeprHH B CHCTCMC nOK05I Tpy6KH 

E + 2mc = 2mc 7^ 

(ripH 9T0M Mbi MaccoH HC fle(|)opMHpoBaHHOH npy>KHHbi npeHcGperjiH) . CjieflOBaTCjibHO, 

M=^ = 2m(7, - 1) 

H HMnyjibc cjKaTOH npyjKHHbi 6yfleT q = MV-fv = 2'mV^v{lu ~ !)• HosTOMy 
cyMMapHbiH HMnyjibc flo paspbma Li,enH ecTb 

9 + 9i + 92 = 2mV-fv{lu - 1) + 2mV-iv = 2mV-fvlu = l?i + P2- 



14.6 




1 ^ = 2mV-fvy. 



u- 
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KoHTpojibHaa paSoxa 15 
15.1 

B CHCTeMe nojiyLi,HjiHHflpa CHjia HHepLi,HH —mg sin a KOMneHcnpyeT KOMnoneHTy 

CHJIbI T5I>KeCTH BflOJIb HaKJIOHHOH njIOCKOCTH. IloaTOMy Safla^a 3KBHBajieHTHa 

Haxo^KfleHHK) nacTOTbi Majibix K0Jie6aHHH nojiyLi,HjiHHflpa na rjiaflKofi ropHSOHTajibHoft 
noBepxHOCTH B 3(J)(J)eKTHBH0M HOjie T5i>KecTH gcosa. 




TaK KaK B ropHSOHTajiBHOM HanpaBjieHHH CHjia ne fleftcTByeT, Li,eHTp T5i>KecTH 
nojiyLi,HjiHHflpa p^brxstcsi tojibko no BepTHKajiH. IlpH Majibix KOjie6aHH5ix 3thm 
CMemeHHCM no BepTHxajin TO>Ke mo>kho npeneGpenb n cnnTaTb, mto nojiyLi,HjiHHflp 
Bpan],aeTC5i BOKpyr u,eHTpa Mace, ripn naKjione nojiyu,HJiHHflpa na yroji (/? <C 1, 
CHjia peaKu,HH onopbi « mg cos a cosflacT B03Bpam,aion],HH momcht Nb sin (p « 
{mgb cos a)(p, rfle b - paccT05iHHe ot u,eHTpa Mace C flo reoMeTpnnecKoro 
Li,eHTpa u,HjiHHflpa O. CjieflOBaTCJibno, ypaBnenne flBH>KeHH5i Gy^ex Ic(f = —{mgb cos a)(p 
H MacTOTa Majibix KOJieGannH 

2 mgb cos a 
^ = 1 • 

MOMCHT HHepU,HH nOJiyLI,HJIHHflpa OTHOCHTCJIbHO OCH I],HJIHHflpa /q GyflCT nOJIOBHHa 

MOMCHTa HHepLi,HH u,HjiHHflpa (Maccbi 2m), T.e. lo = 1 1 2mi?^ = ^mR"^. C 
flpyroH CTopoHbi, no TCopcMC IHTennepa, Iq = Ic+Tnb"^. OTCiofla nojiynacM Ic = 
^m{R^ — 26^). Bejinnnny b mo>kho naiiTH no BTopoii TCopcMC Fyjibflena: oGt^cm 
TCJia Bpan],eHH5i paBcn npoHSBeflennio fljinnbi OKpy>KHOCTH, onncbiBaeMoii u,eHTpoM 
T5i>KecTH (J)Hrypbi na ee njion],aflb. Ecjih Bpan],aTb nojiyxpyr BOKpyr CBoero 
flnaMCTpa, nojiynHTC5i map. IloaTOMy, corjiacno TCopcMC Fyjibflena, flOji>KHbi 
HMCTb ^7tR^ = ^ttR^ 27Tb. OTCiofla 6 = 1^ H, OKonnaTejibHO, 

2 g cos a 247r 
^ R 97r2-32' 
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15.2 



BbiTajiKHBaK)iii,a5i CHjia Gojibine, mcm CHjia T5i>KecTH. TeM He Menee necoHHbie 
nacbi He cpaay naHnyT BcnjibiBaxb nocjie nepeBopa^HBanHfl TpyGxH. J\ejio b 
TOM, MTO BbiTajiKHBaioiii,a5i CHJia npHJio»ceHa k reoMexpHMecKOMy Li,eHTpy CHMMexpHMKbix 
HacoB, a CHjia T5i>KecTH - K Li,eHTpy Mace. BHanajie, Korfla Macbi njiabaiOT b 
TpyGxe, Li,eHTp Mace HaxoflHTC5i HH>Ke reoMeTpHMecKoro Li,eHTpa h 3to cocT05iHHe 
ycTOHHHBO OTHOCHTejibHO HaKjioHa nacoB, TaK KaK npH cjiyMaftHOM HaKjione 

BOSHHKaeT B03BpaiII,aK)III,HH MOMeHT. 




riocjie nepeBopaHHBaHHH xpyGKH i^enxp T5i>KecTH OKa3biBaeTC5i Bbime reoMeTpHnecKoro 

LI,eHTpa H 9T0 C0CT05IHHe He yCTOHHHBO OTHOCHTejibHO CJiyHaHHblX HaKJIOHOB 

MacoB. B CBoefi nonbiTKC pasBepnyTbca, Macbi ynnpaiOTCfi b ctchkh Tpy6KH h 
flaB5iT Ha HHX. B peayjibTaTC BOSHHKaeT CHjia Tpennfl KOTopaa MemacT bchjibithk) 
nacoB. riocjie HspacxoflOBaHHs npHMcpno HOJiOBHHbi necKa, Li,eHTp T5i»:ecTH 
necoHHbix nacoB CHOBa 0Ka»:eTC5i HH>Ke reoMeTpHnecKoro u,eHTpa h nacbi HannyT 

BCHJIblBaTb. 

15.3 

Yflap pacccKacT CTepjKCHb HonojiaM. IlycTb Ka^Kflaa HOJiOBHna hmcct Maccy 
m H flJiHHy /. H3-3a yflapa nojiOBHHKa CTep>KH5i npnoGpeTaeT CKopocTb V = 
— / Fdt H pacKpyMHBaeTC5i OTHOCHTCjibHO u,eHTpa Mace c yrjiOBoft CKopocTbio 
uj = J J F^dt = ^ / Fdt. CjieflOBaTCjibHO, kohcu, CTep>KH5i, KOTopbiii onnpaeTCii 
Ha 6oKaji c bhhom, cpasy hocjic yflapa 6yfleT hmctb CKopocTb V — ^cu = —2V 

H HOJICTHT BBCpX. IloSTOMy BHHO HC HpOJIbCTCfl. 

Ho 9T0 paccy>KfleHHe npeneGperaeT ynpyrnMH CBoiicTBaMH CTep>KHii. Ha 
caMOM flcjie Hocjie yflapa b^ojib CTep>KH5i pacHpocTpaH5ieTC5i BOJina HonepeHHOH 
fle(J)opMau,HH H flpyroH kohcli, CTep>KH5i Bce paBHO ycneBacT ncMHoro cflBHHyTbca 
BHH3. HosTOMy flji5i ycneiiiHOH fleMOHCTpaLi,HH onbiTa naflo npe^ycMOTpeTb fleMn4)HpoBaHE 
CMemeHHH nop5iflKa 1 mm [36]. 
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15.4 



Hs ypaBHeHHH flBH:aceHH5i 

eg f X f 

r = 

mc 

cjieflyeT, hto KBaflpaT CKopocTH r h KBaflpaT op6HTajibHoro MOMCHTa L sBjiaiOTCJi 
HHTerpajiaMH flBH»ceHH5i. ^eficTBHTejibHO, = r • r = ^^(^^)- A b saflane 8.5 
noKasajiH, hto bcktop nyaHKape 

c r 

— * — *(-\ — * / \ 2 — * o 

coxpanaeTCfl. Ho r • L = 0, nosTOMy J = L + (^^J h, cjieflOBaTejibHO, L 
To:»<;e coxpaHJieTca. 

SaBHCHMOCTb r(t) Mo:acHO HaiiTH Tax. HMeeM 

S = 2^(f . ,^ = 2.- = 2y^ 

T.K. r • r = 0. riycTb Hanajio OTcneTa BpeMenn BbiGpano Tax, hto npn t = 
sjieKTpoH HaxoflHTca Ha MHHHMajibHOM paccT05iHHH tq ot Li,eHTpa nojia H, 
cjieflOBaTejibHO, r(0) • f(0) = 0. Tor^a HHTerpnpoBaHHeM Bbime npHBefleHHoro 
ypaBHeHHJi nojiynaeM r ^ = V'^t^ + Tq h r(t) = \jVH^ + Tq. MHHHMajibHoe 
paccToaHHe To mo>kho HaiiTH h3 coxpaHeHHfl Bejinnnn CKopocTH h opGnTajibHoro 
MOMCHTa: L = mVp = mVro. OTCiofla ro = p. 

— * 

J\ajiee paccMOTpHM CKajiJipHoe npoHSBefleHne J • f = Jr cos 9 = — ^r. 3to 

— * 

HOKasbiBaeT, hto cos^ ~ ^ yroji Mem^y BCKTopaMH r h J ne MenaeTca 
c TeneHHeM BpeMeHH - sjieKTpoH ^BUTKeTC^i Ha HOBepxHOCTH Konyca c yrjiOM 
pacTBopa 29, c BcpmHHoii b nanajie KOopflnnaT h c ocbio Bflojib BCKTopa IlyaHKape 

— * _ 

J. riosTOMy yfloGno bbccth c43cpHHecKHe KOopflnnaTbi c ocbio z s^ojib BCKTopa 

— * — * — * 

IlyaHKape. Tor^a r = r (sin 9 cos (pi + sin 9 sin ipj + cos 9k) h 

r = r(sin ^ cos (pi + sin ^ sin (pj + cos ^/c) + r(^(— sin ^ sin (pi + sin ^ cos (pj) . 
no9TOMy 

= f ^ = (r^ + rV^) sin^ 6* + cos^ 6* = + rV^ sin^ 6*. 

OTCiOfla, c yneTOM r(t) = \/V'H^ + p-^, HOJiynaeM 



rsin^ (y^t^ _j_ g^j^^ 
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Ho 



CjieflOBaTejibHO, 



sm 



^ = Vl - C0S2 = 



p2 + VH'^ 

H, HHTerpHpyfl b npeflnojio^KenHH V^(0) = 0, nojiynaeM 



SaMCTHM, MTO npH ^ ztoo HMeeM r ^ ±V, r(y9 ^ h 



Att 

^ ±— , rfle A = 



^ \mcVpJ 



riosTOMy CKopocTb sjieKTpoHa B OTflajieHHOM npomjiOM h b OTflajienHOM GyflymeM 
flaeTCJi Bbipa:»<;eHHeM 



r(±oo) = y sin^ 

CjieflOBaTejibHO, fljia yrjia pacceanHa a nojiynaeM 

r(oo) • r(— oo) 



il/cos^A;. 



cosa = 



y2 



2 . 2 /A7r\ 



15.5 



riycTb CHjia TpeHHa, KOTopaa fleftcTByeT Ha map, paBHa F. YpaBHeHHe ^BUTKeRn^i 

HMeiOT BHfl 

mV = F H l!jj = RxF, 

T/\c I = jmB^ H R ecTb BexTop ot Li,eHTpa mapa k tohkc KacaHHa (t.c. paflnyc- 
BeKTop TOHKH KacaHHfl pasGH r + i?) . TaK KaK map ne npocKajibSbmaeT, b tomkc 

— * 

Kacaira^i CKopocTb Ha hobopothom CTOjie ci; x (f + i?) h na noBcpxnocTH mapa 

— > — # — # 

y + cj X paBHbi Apyr flpyry. /],H4)4)epeHH,Hpy5i paBencTBO a; x {f + R) = 
V + LJ X R, nojiy^aeM 

Qxf=V + ujxR = —F + -(R X F)x R. 

m I 
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Ho {R X F) X R = R^F - {F ■ R)R = R^F, t.k. F ■ R = (bcktop R 
nepneHflHKyji5ipeH k njiocKOCTH noBopoTHoro CTOJia). CjieflOBaTejibHO, 

7 



fl X r = 




2m 



-F. 



Onpeflejiflfl OTCiofla F h noflCTaBjiM b ypaBHCHHe mV = F, nojiynaeM 



V = -nxv. 

7 



Hjih b KOMnoneHTax 



OTCiofla 



K = --nvy 



HanpaBHM ocb x Bflojib HaMajibHoii CKopocTH Vq. Tor^a pemeHHeM 3Toro ypaBHeHH5i 
6yfleT Vx = Vq cos ^Qt. CjieflOBaTejibHO, Vy = —-^Vx = Vo sin ^Qt. HHTerpnpyfl 
eme pas, c y^eTOM x{0) = xq, y{0) = yo, nojiy^aeM 

7^0 . 2^ , , 7Vo 7Vo 2^ 

= ^0 + ^ sm -ilt, y[t) = 2/o + ^ - ^ cos -ilt. 

3to noKasbiBaeT, mto Li,eHTp mapa flBH^KeTca no OKpy>KHOCTH paflnyca 

Ll,eHTpOM B TOMKe C paflHyC-BCKTOpOM 

xqi+ \ yQ + —— M = ro + x Vq. 



2Vt 



2Q 



2Q2 



15.6 




PaccMOTpHM ynacTOK npoBOJiOHKH c paflHycoM kphbhshbi R h fljiHHoft Ra <^ 
R. PaBHOfleHCTByiomaii chji HaT5i>KeHH5i 2T sin ^ ~ Ta ypaBHOBeniHBaeTCfl 
CHjiOH AMnepa IRaB. IlosTOMy nojiy^aeM T = IRB. Ho R = CjieflOBaTejibHO, 

H 



T = — 



I 



P 



(bCe BejIHMHHbl B CHCTCMe CH). 
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